
Background Theory Practice Foreground

Mathematics in Medicine Journal Club:

“Power law distributions in empirical data”
Aaron Clauset, Cosma Rohilla Shalizi, and M. E. J. Newman

Cory Brunson
Center for Quantitative Medicine

March 7, 2017



Background Theory Practice Foreground

BACKGROUND: SCALE-FREE BIOLOGICAL NETWORKS

I Barabási, A-L and Oltvai, Z N (2004). “Network biology: understanding
the cell’s functional organization”. Nature Reviews Genetics 5(2), 101–113.

I Albert, R (2005). “Scale-free networks in cell biology”. Journal of Cell
Science 118(21), 4947–4957.

I Zhang, B and Horvath, S (2005). “A General Framework for Weighted
Gene Co-Expression Network Analysis”. Statistical Applications in
Genetics and Molecular Biology 4(1), Article 17.



Background Theory Practice Foreground

BACKGROUND: SCALE-FREE BIOLOGICAL NETWORKS

I Barabási, A-L and Oltvai, Z N (2004). “Network biology: understanding
the cell’s functional organization”. Nature Reviews Genetics 5(2), 101–113.

I Albert, R (2005). “Scale-free networks in cell biology”. Journal of Cell
Science 118(21), 4947–4957.

I Zhang, B and Horvath, S (2005). “A General Framework for Weighted
Gene Co-Expression Network Analysis”. Statistical Applications in
Genetics and Molecular Biology 4(1), Article 17.



Background Theory Practice Foreground

TERMINOLOGY

I continuous power-law probability distributions

P(X > x) ∝ x−α, x ≥ xmin ∃ xmin, α > 0

I . . . are scaling in the sense that*

P(X > sx | X > x) = s−α ∀ x ≥ xmin
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Size–rank plots:

k = Cxk
−α ⇒ log k = log(C)− α log xk

library(poweRlaw)
m <- displ$new()
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plot(x = sort(x),

y = length(x):1,
log = "xy")
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DIAGNOSTICS

Size–frequency plots:

px = Cx−α−1 ⇒ log px = log(C)− (α+ 1) log(x)

library(poweRlaw)
m <- displ$new()
m$setXmin(7)
m$setPars(2.3)
x <- dist_rand(m, 1e4)
plot(x = sort(unique(x)),

y = table(sort(x)),
log = "xy")
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Background Theory Practice Foreground

IMPLICATIONS
Networks with scaling degree sequences are often called
“scale-free”, assumed to have specific origins:

I evolution via cumulative advantage (preferential attachment)

I emergence at phase transitions / criticality

and asserted to have many topological properties:

I highly central high-degree nodes (hubs)

I self-similarity / hierarchicality

I invariance under degree-preserving rewiring

I robustness to failure but vulnerability to attack

The apparent ubiquity of scaling degree distributions in
empirical networks then has profound implications:

I significance to natural order (surprising)

I universality to complex systems (determinitive)
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EXAMPLE

To visually inspect whether approximate scale-free topology
is satisfied, one plots log10(p(k)) versus log10(k). A
straight line is indicative of scale-free topology[.]

To measure how well a network satisfies a scale-free
topology, we propose to use the square of the correlation
between log(p(k)) and log(k), i.e. the model fitting index
R2 of the linear model that regresses log(p(k)) on log(k).

*
Zhang and Horvath, 2005
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EXAMPLE

(a) (b)

Figure 4: a) Scale free topology plot of the weighted yeast co-expression net-
work that was constructed with the power adjacency function power(s, � = 7).
This scatter plot between log10(p(k)) and log10(k) shows that the network
satisfies a scale free topology approximately (black linear regression line,
R2 = 0.87). But a better fit is provided by an exponentially truncated power
law (red line, R2 = 0.99). b) Analogous plot for the weighted cancer network
based on power(s, � = 6).

4 Choosing the Parameters of the Adjacency

Function

4.1 Choosing the Threshold ⌧ of the Signum Adja-
cency Function

Currently, the signum function is most frequently used to convert pairwise
correlations into an adjacency matrix. The signum adjacency function leads
to an unweighted network.

The estimation of the adjacency function parameter ⌧ is tricky. Several
authors have proposed to threshold the significance level of the correlation in-
stead of the correlation coe�cient itself. The significance level of a correlation
coe�cient can be estimated by using the Fisher transformation (Davidson

13

Zhang and Horvath: Weighted Gene Co-Expression Network Analysis

Published by The Berkeley Electronic Press, 2005

*

Zhang and Horvath, 2005
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CONTEXT

Reductionism, which has dominated biological research
for over a century, has provided a wealth of knowledge
about individual cellular components and their func-
tions. Despite its enormous success, it is increasingly
clear that a discrete biological function can only rarely
be attributed to an individual molecule. Instead, most
biological characteristics arise from complex interac-
tions between the cell’s numerous constituents, such as
proteins, DNA, RNA and small molecules1–8. Therefore,
a key challenge for biology in the twenty-first century is to
understand the structure and the dynamics of the com-
plex intercellular web of interactions that contribute to
the structure and function of a living cell.

The development of high-throughput data-collection
techniques, as epitomized by the widespread use of
microarrays, allows for the simultaneous interrogation 
of the status of a cell’s components at any given time.
In turn, new technology platforms, such as PROTEIN CHIPS

or semi-automated YEAST TWO-HYBRID SCREENS, help to deter-
mine how and when these molecules interact with each
other. Various types of interaction webs, or networks,
(including protein–protein interaction, metabolic, sig-
nalling and transcription-regulatory networks) emerge
from the sum of these interactions. None of these net-
works are independent, instead they form a ‘network of
networks’ that is responsible for the behaviour of the
cell. A major challenge of contemporary biology is to
embark on an integrated theoretical and experimental 

programme to map out, understand and model in quan-
tifiable terms the topological and dynamic properties of the
various networks that control the behaviour of the cell.

Help along the way is provided by the rapidly develop-
ing theory of complex networks that, in the past few
years, has made advances towards uncovering the orga-
nizing principles that govern the formation and evolution
of various complex technological and social networks9–12.
This research is already making an impact on cell biology.
It has led to the realization that the architectural features
of molecular interaction networks within a cell are shared
to a large degree by other complex systems, such as the
Internet, computer chips and society. This unexpected
universality indicates that similar laws may govern most
complex networks in nature, which allows the expertise
from large and well-mapped non-biological systems to be
used to characterize the intricate interwoven relationships
that govern cellular functions.

In this review, we show that the quantifiable tools of
network theory offer unforeseen possibilities to under-
stand the cell’s internal organization and evolution,
fundamentally altering our view of cell biology. The
emerging results are forcing the realization that, not-
withstanding the importance of individual molecules,
cellular function is a contextual attribute of strict 
and quantifiable patterns of interactions between the
myriad of cellular constituents. Although uncovering
the generic organizing principles of cellular networks

NETWORK BIOLOGY:
UNDERSTANDING THE CELL’S
FUNCTIONAL ORGANIZATION
Albert-László Barabási* & Zoltán N. Oltvai‡

A key aim of postgenomic biomedical research is to systematically catalogue all molecules and
their interactions within a living cell. There is a clear need to understand how these molecules and
the interactions between them determine the function of this enormously complex machinery, both
in isolation and when surrounded by other cells. Rapid advances in network biology indicate that
cellular networks are governed by universal laws and offer a new conceptual framework that could
potentially revolutionize our view of biology and disease pathologies in the twenty-first century.

PROTEIN CHIPS

Similar to cDNA microarrays,
this evolving technology
involves arraying a genomic set
of proteins on a solid surface
without denaturing them. The
proteins are arrayed at a high
enough density for the 
detection of activity, binding 
to lipids and so on.
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Introduction
Genes and gene products interact on several levels. At the
genomic level, transcription factors can activate or inhibit the
transcription of genes to give mRNAs. Since these
transcription factors are themselves products of genes, the
ultimate effect is that genes regulate each other’s expression as
part of gene regulatory networks. Similarly, proteins can
participate in diverse post-translational interactions that lead to
modified protein functions or to formation of protein
complexes that have new roles; the totality of these processes
is called a protein-protein interaction network. The
biochemical reactions in cellular metabolism can likewise be
integrated into a metabolic network whose fluxes are regulated
by enzymes catalyzing the reactions. In many cases these
different levels of interaction are integrated – for example,
when the presence of an external signal triggers a cascade of
interactions that involves both biochemical reactions and
transcriptional regulation.

A system of elements that interact or regulate each other can
be represented by a mathematical object called a graph
(Bollobás, 1979). Here the word ‘graph’ does not mean a
‘diagram of a functional relationship’ but ‘a collection of nodes
and edges’, in other words, a network. At the simplest level,
the system’s elements are reduced to graph nodes (also called
vertices) and their interactions are reduced to edges connecting
pairs of nodes (Fig. 1). Edges can be either directed, specifying
a source (starting point) and a target (endpoint), or non-
directed. Directed edges are suitable for representing the flow
of material from a substrate to a product in a reaction or the
flow of information from a transcription factor to the gene
whose transcription it regulates. Non-directed edges are used
to represent mutual interactions, such as protein-protein
binding. Graphs can be augmented by assigning various

attributes to the nodes and edges; multi-partite graphs allow
representation of different classes of node, and edges can be
characterized by signs (positive for activation, negative for
inhibition), confidence levels, strengths, or reaction speeds.
Here I aim to show how graph representation and analysis can
be used to gain biological insights through an understanding of
the structure of cellular interaction networks. For information
on other important related topics, such as computational
methods of network inference and mathematical modeling of
the dynamics of cellular networks, several excellent review
articles are available elsewhere (Friedman, 2004; Longabaugh
et al., 2005; Ma’ayan et al., 2004; Papin et al., 2005; Tyson
et al., 2003).

Graph concepts: from local to long-range
The nodes of a graph can be characterized by the number of
edges that they have (the number of other nodes to which they
are adjacent). This property is called the node degree. In
directed networks we distinguish the in-degree, the number of
directed edges that point toward the node, and the out-degree,
the number of directed edges that start at the node. Whereas
node degrees characterize individual nodes, one can define a
degree distribution to quantify the diversity of the whole
network (Fig. 1). The degree distribution P(k) gives the fraction
of nodes that have degree k and is obtained by counting the
number of nodes N(k) that have k = 1, 2, 3… edges and dividing
it by the total number of nodes N. The degree distributions of
numerous networks, such as the Internet, human collaboration
networks and metabolic networks, follow a well-defined
functional form P(k) = Ak–! called a power law. Here, A is a
constant that ensures that the P(k) values add up to 1, and the
degree exponent ! is usually in the range 2 < ! < 3 (Albert and

4947

A cell’s behavior is a consequence of the complex
interactions between its numerous constituents, such as
DNA, RNA, proteins and small molecules. Cells use
signaling pathways and regulatory mechanisms to
coordinate multiple processes, allowing them to respond to
and adapt to an ever-changing environment. The large
number of components, the degree of interconnectivity and
the complex control of cellular networks are becoming
evident in the integrated genomic and proteomic analyses
that are emerging. It is increasingly recognized that the
understanding of properties that arise from whole-cell
function require integrated, theoretical descriptions of the
relationships between different cellular components.

Recent theoretical advances allow us to describe cellular
network structure with graph concepts and have revealed
organizational features shared with numerous non-
biological networks. We now have the opportunity to
describe quantitatively a network of hundreds or
thousands of interacting components. Moreover, the
observed topologies of cellular networks give us clues about
their evolution and how their organization influences their
function and dynamic responses.

Key words: Protein-protein interactions, Signal transduction,
Transcriptional regulatory networks, Metabolic networks, Network
modeling, Systems biology

Summary

Scale-free networks in cell biology
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CONTEXT

1. How widely do biologists observe scale-free networks?
2. What evidence supports these observations?
3. What implications follow from these observations?
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CLAIMS AND EVIDENCE

better power law
fit than exponential
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power law

none
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Claims made about distribution or generation of data

literature cited in Barabási & Oltvai, 2004 and in Albert, 2005
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CLAIMS AND EVIDENCE
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literature cited in Barabási & Oltvai, 2004 and in Albert, 2005



Background Theory Practice Foreground

IMPLICATIONS
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Box 2 | Network models

Network models are crucial for shaping our understanding of complex networks and help to explain the origin of observed network
characteristics. There are three models that had a direct impact on our understanding of biological networks.

Random networks 
The Erdös–Rényi (ER) model of a random network14 (see figure, part A) starts with N nodes and connects each pair of nodes with probability p,
which creates a graph with approximately pN(N–1)/2 randomly placed links (see figure, part Aa). The node degrees follow a Poisson distribution
(see figure, part Ab), which indicates that most nodes have approximately the same number of links (close to the average degree <k>). The tail
(high k region) of the degree distribution P(k) decreases exponentially, which indicates that nodes that significantly deviate from the average are
extremely rare. The clustering coefficient is independent of a node’s degree, so C(k) appears as a horizontal line if plotted as a function of k (see
figure, part Ac). The mean path length is proportional to the logarithm of the network size, l ~ log N, which indicates that it is characterized by the
small-world property.

Scale-free networks
Scale-free networks (see figure, part B) are characterized by a power-law degree distribution; the probability that a node has k links follows 
P(k) ~ k –γ, where γ is the degree exponent. The probability that a node is highly connected is statistically more significant than in a random graph,
the network’s properties often being determined by a relatively small number of highly connected nodes that are known as hubs (see figure, part
Ba; blue nodes). In the Barabási–Albert model of a scale-free network15, at each time point a node with M links is added to the network, which
connects to an already existing node I with probability ΠI = kI/ΣJkJ, where kI is the degree of node I (FIG. 3) and J is the index denoting the sum over
network nodes. The network that is generated by this growth process has a power-law degree distribution that is characterized by the degree
exponent γ = 3. Such distributions are seen as a straight line on a log–log plot (see figure, part Bb). The network that is created by the
Barabási–Albert model does not have an inherent modularity, so C(k) is independent of k (see figure, part Bc). Scale-free networks with degree
exponents 2<γ<3, a range that is observed in most biological and non-biological networks, are ultra-small34,35, with the average path length
following ! ~ log log N, which is significantly shorter than log N that characterizes random small-world networks.

Hierarchical networks
To account for the coexistence of modularity, local clustering and scale-free topology in many real systems it has to be assumed that clusters
combine in an iterative manner, generating a hierarchical network47,53 (see figure, part C). The starting point of this construction is a small cluster
of four densely linked nodes (see the four central nodes in figure, part Ca). Next, three replicas of this module are generated and the three external
nodes of the replicated clusters
connected to the central node of
the old cluster, which produces a
large 16-node module. Three
replicas of this 16-node module
are then generated and the 16
peripheral nodes connected to
the central node of the old
module, which produces a new
module of 64 nodes. The
hierarchical network model
seamlessly integrates a scale-free
topology with an inherent
modular structure by generating
a network that has a power-law
degree distribution with degree
exponent γ = 1 + !n4/!n3 = 2.26
(see figure, part Cb) and a large,
system-size independent average
clustering coefficient <C> ~ 0.6.
The most important signature of
hierarchical modularity is the
scaling of the clustering
coefficient, which follows 
C(k) ~ k –1 a straight line of slope
–1 on a log–log plot (see figure,
part Cc). A hierarchical
architecture implies that sparsely
connected nodes are part of
highly clustered areas, with
communication between the
different highly clustered
neighbourhoods being
maintained by a few hubs 
(see figure, part Ca).
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IMPLICATIONS

I “Presence of scale-free behavior indicates a high degree of self-organization in
the system and is known to be a characteristic of natural systems. . . . The
scale-free character of coexpressed gene networks means that these networks are
extremely inhomogeneous and contain few genes that are very highly connected
and a large number of genes with low connectivity.” (Agrawal, 2002)

I “Since hubs are rare relative to other nodes, random elimination of nodes has
minimal effect on network topology because statistically, a randomly eliminated
node is likely to have low connectivity. . . . We propose that organisms’ general
ability to compensate for individual mutations is largely a result of the scale-free
properties of the gene expression network.” (Featherstone & Broadie, 2002)

I “This result suggests the existence of a selective force in the overall design of
genetic pathways to maintain a highly connected class of genes.” (Stuart et al,
2003)

literature cited in Barabási & Oltvai, 2004 and in Albert, 2005
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CONFUSION

I “Surprisingly, genes such as calcium/calmodulin-dependant kinase (CAM- KII)
and the signaling GTPase Ras1, which are central to intracellular signaling and
therefore would be most expected to ‘tie’ together various aspects of cell biology,
are not hubs. . . . It is also somewhat surprising that transcription factors do not
head the list of hubs, since deletion of a transcription factor would be expected to
alter the expression of all its downstream genes. (Featherstone & Broadie, 2002)

I “The distribution of interactions per protein decays faster than the power law
predicted by a “rich-get-richer” model of scale-free networks[.] This rapid decay
suggests that highly connected proteins may be suppressed in biological
networks and supports a previous observation that connections between highly
connected proteins are also suppressed.” (Giot et al, 2003)

I “[W]ith our current metabolic information, the [average path length] of the E. coli
network remains ≈ 8, much larger than that of a random graph. The metabolic
world of E. coli is therefore not small with respect to biosynthesis/degradation
pathways on the traditional metabolic map.” (Masanori, 2004)

literature cited in Barabási & Oltvai, 2004 and in Albert, 2005
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THEORY: POWER LAWS AND SCALE-FREE GRAPHS

I Mitzenmacher, M (2004). “A Brief History of Generative Models for
Power Law and Lognormal Distributions”. Internet Mathematics 1(2),
226–251.

I Willinger, W, Alderson, D, Doyle, J C, and Li, L (2004). “More “normal”
than normal: scaling distributions and complex systems”. Proceedings of
the 2004 Winter Simulation Conference, 130–141.

I Fox Keller, E (2005). “Revisiting “scale-free” networks”. BioEssays
27(10), 1060–1068.

I Li, L, Alderson, D, Doyle, J C, Willinger, W (2005). “Towards a Theory
of Scale-Free Graphs: Definition, Properties, and Implications”. Internet
Mathematics 2(4), 431–523.

I Clauset, A, Shalizi, C R, Newman, M E J (2009). “Power-Law
Distributions in Empirical Data” SIAM Review 51(4), 661–703.
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IMPLICATIONS
Networks with scaling degree sequences are often called
“scale-free”, assumed to have specific origins:

I evolution via cumulative advantage (preferential attachment)
I emergence at phase transitions / criticality

and asserted to have many topological properties:
I highly central high-degree nodes (hubs)
I self-similarity / hierarchicality
I invariance under degree-preserving rewiring
I robustness to failure but vulnerability to attack

The apparent ubiquity of scaling degree distributions in
empirical networks then has profound implications:

I significance to natural order (surprising)
I universality to complex systems (determinitive)

Li et al, 2005; Keller, 2005
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GENERATIVE MODELS

Power-law behavior arises from many processes.

I Cumulative advantage

I Optimization −→
I Multiplicative processes

I Durations between events

I Double Pareto distributions

...----

II
__+- +-__-/

IV

where P, m, B are certain positive constants, to be derived below.

1 10 100 1,000
Rank

Figure 1. Rank-frcqq.cncy distributions ofHelen B. (with paranoid
schizophrenia) in samples of (I) 50,000 words; (II) 30,000 words;
(III) 20,000 words; (IV) 10,000 words; (V and VI) 5,000 words,
and (VII and VIII) 2,000 words. (From Arch. Neurol. Psychiat. 49

(1943) 831)

INFORMATIONAL THEORY OF THE STATISTICAL STRUCTURE OF LANGUAGE

In fact, the mathematical details will show that all the variants of the
criterion of least effort lead to the same 'canonical' family of laws for con-
crete entities. Let us rank them in the order of decreasing frequency. Then,
the fi'equency Pn of the nth entity in this classification should be given by

Pn = P(n + m)-B

I t turns out that this formula, shown in Figure 2, represents accurately all
the experimental data on the statistics of words, if these are taken in fully
inflected form, and not as lexical units of the dictionary. Therefore words
can be considered as being concrete entities, though they may not be the
only ones. The best check is obtained where semantic constraints are the
least, that is in schizophrenics (Figure 1).
In the cases where 'word' is,not unambiguously defined, our theory cannot

be considered as a proof of compatibility of three known elements, as was
said on p. 487. But it may be used as a discriminating rule to choose the
better of several possible divisions of the string of phonemes into words.
The definition of word as a unit of the dictionary was used chiefly by

UDNY YULE. It leads to different results, depending not only on language
used, but also on author, and is therefore appropriate for the search of the
paternity of literary texts (which was the purpose of YULE'S study).

491
490

Digital character if the coding
The two main modes of representation, already recognized by de Saussure,
are respectively imitative (analog) and symbolic (digital). There are
two good reasons to believe that the essential eodings are. digital. .
Imitative elements are concrete and therefore susceptIble of contmuous

variations, and each idea requires a different sign. As these must be few in
order to be distinguished, a purely imitative language could not serve as a
civilized language. These were made possible only by the invention of the
possibility of the synthesis of complex ideas by combination of simpler ones;
But such a combination amplifies the consequences of small local errors, and
therefore its development had to be accompanied by a progressive standardiza_
tion of the elementary ideas themselves, or in other terms by the inventionof
some kind of concrete entity. To express ideas by combinations of standard
words is a typically digital method of coding. (It would ,be extremely
interesting to follow, in the spirit of the theory of coding, the
breaking up of phrases into words by young children.)
If further recodings of a digital coding were not themselves digital, there.

would be no sense in the first coding being digital, at the expense of so
trouble. But in fact, this is obviously the case for spelling, the only representa:-
tion which has been consciously evolved for this purpose, the history()p
which is a long effort from imitative to symbolic coding. On the othersicl?'
the unconscious coding by 'sounds' does not seem to be really digital. .•..•
it has later been recognized that sounds are not perceived as such,
'phonemes', which are 'classes of equivalence' of sounds. The
system of a language is based on a certain number of 'oppositions', whicllZi,f
simply coding dichotomies; therefore, despite the appearances, the
system of the spoken language is also typically digital. . . • ...y.
The same result would be obtained from the neurophysIOlogIcal.

that the functioning of the neurones is digital. But one would have to<Zi,tl
that the coding is based on neurones at the critical stage, which is
being evident.

ASSOCIATED STUDIES

tremendous simplification of language, just as extreme, but exactly opposite
to the one which' leads to the Semantics of the Vienna School (SCHLICK,,
REICHENBACH, CARNAP).

Least iffort character of the matching criterion

This is based mainly on evidence diffuse in a large
since, as Professor A. S. C. Ross pointed out in the discussion,oneha
avoid any conclusion from a hypothetical history of language.

Macroscopic description of a text

The results of the preceding discussions are
considered. Therefore the quantitative results on the
the concrete entities, which are to be used as a criterion
tion among the various units of information, must also be
languages.

Mitzenmacher, 2004
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INVARIANCE PROPERTIES

Power-law behavior survives many transformations.

If X1, . . . ,Xn

I follow scaling distributions Xk ∼ Pk

I with common scaling parameter 1 < α < 2
then so do

Sn =
∑

k

Xk (aggregation; Central Limit Theorem)

Mn = max(Xn) (maximizing choices)

Wn ∼
∑

k

wkPk (weighted mixtures)

Willinger et al, 2004
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TOPOLOGICAL DIVERSITY

Power-law behavior admits many network topologies.
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Figure 5. Network graphs having exactly the same number of nodes and links,
as well as the same (power law) degree sequence. As toy models of the router-
level Internet, all graphs are subject to the same router technology constraints
and the same traffic demand model for routers at the network periphery. (a)
Hierarchical scale-free (HSF) network: Following roughly a recently proposed
construction that combines scale-free structure and inherent modularity in the
sense of exhibiting an hierarchical architecture [Ravasz et al. 02], we start with a
small three-pronged cluster and build a three-tier network à la Ravasz-Barabási,
adding routers at the periphery roughly in a preferential manner. (b) Random
network: This network is obtained from the HSF network in (a) by performing
a number of pairwise random degree-preserving rewiring steps. (c) Poor design:
In this heuristic construction, we arrange the interior routers in a line, pick
a node towards the middle to be the high-degree, low-bandwidth bottleneck,
and establish connections between high-degree and low-degree nodes. (d) HOT
network: The construction mimics the build-out of a network by a hypothetical
ISP. It produces a three-tier network hierarchy in which the high-bandwidth, low-
connectivity routers live in the network core while routers with low-bandwidth
and high-connectivity reside at the periphery of the network. (e) Node degree
sequence for each network. Only di > 1 are shown.

the Internet’s legendary and most clearly understood robustness property, i.e.,

it’s high resilience to router failures [Clark 88].

Figure 5 also depicts three other networks with the exact same degree sequence

as HSFnet. The variety of these graphs suggests that the set of all connected

simple graphs (i.e., no self-loops or parallel links) having exactly the same degree

sequence shown in Figure 5(e) is so diverse that its elements appear to have

nothing in common as graphs beyond what trivially follows from having a fixed

(scaling) degree sequence. They certainly do not appear to share any of the

features summarized above as conventionally claimed for SF graphs. Even more

striking are the differences in their structures and annotated bandwidths (i.e.,

gray-shading of links and nodes in Figure 5). For example, while the graphs

Li et al, 2005
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TOPOLOGICAL DIVERSITY

Power-law behavior admits many network topologies.

✐
✐

“imvol2” — 2006/3/16 — 13:06 — page 465 — #35 ✐
✐

✐
✐

✐
✐

Li et al.: Towards a Theory of Scale-Free Graphs: Definition, Properties, and Implications 465

0.4 0.5 0.6 0.7 0.8 0.9 1.0  

10
10

10
11

s(g)/s
max

P
er

fo
rm

an
ce

 P
er

f(
g)

"S=1"                         
S(g)=1                        
P(g)=6.73×109         

HOTnet                        
S(g)=0.3862                
P(g)=2.93×1011     

"Poor Design"                   
S(g)=0.4390                     
P(g)=1.02×1010          

HSFnet                           
S(g)=0.9568                   
P(g)=6.08×109         

Random                      
S(g)=0.7792                 
P(g)=9.23×109       

Figure 6. Exploration of the space of connected network graphs having exactly
the same (power law) degree sequence. Values for the four networks are shown to-
gether with the values for other networks obtained by pairwise degree-preserving
rewiring. Networks that are one rewiring away from their starting point are
shown in a corresponding shape, while other networks obtained from more than
one rewiring are shown in gray. Ultimately, only a careful design process explic-
itly incorporating technological constraints, traffic demands, or link costs yields
high-performance networks. In contrast, equivalent networks resulting from even
carefully crafted random constructions result in poor-performing networks.

both of these extremes, all graphs in G(D) are isomorphic and thus have only

one value of s(g) for all g ∈ G(D), so from this measure the space G(D) of graphs

lacks any diversity. In contrast, when D is scaling with α < 2, CV (D) → ∞
and it is easy to construct g such that s(g)/sm ax → 0 as n → ∞, suggesting a

possibly enormous diversity in G(D).

Before proceeding with a discussion of some of the features of the s-metric

as well as for graphs having high s(g) values, we revisit the four toy networks

in Figure 5 and consider the combined implications of the performance-oriented

metric Perf(g) introduced in (3.1) and the connectivity-specific metric s(g) given

in Definition 4.1. Figure 6 is a projection of g ∈ G(D) onto a plane of Perf(g)

versus s(g) and will be useful throughout in visualizing the extreme diversity in

the set G(D) for D in Figure 5. Of relevance to the Internet application is that

graphs with high s(g)-values tend to have low performance, although a low s(g)-

value is no guarantee of good performance, as seen by the network in Figure 5(c)

which has both small s(g) and small Perf(g). The additional points in the Perf(g)

vs. s(g) plane involve degree-preserving rewiring and will be discussed in more

detail in Section 4.4.

These observations undermine the claims in the SF literature that are based

on scaling degree alone implying any additional graph properties. On the other

Li et al, 2005
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STATISTICAL INFERENCE

Power-law behavior cannot be reliably eyeballed.
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Fig. 5 (a) The CDFs of three small samples (n = 100) drawn from different continuous distribu-
tions: a log-normal with µ = 0.3 and σ = 2, a power law with α = 2.5, and an exponential
with λ = 0.125, all with xmin = 15. (Definitions of the parameters are as in Table 1.) Visu-
ally, each of the CDFs appears roughly straight on the logarithmic scales used, but only one
is a true power law. (b) The average p-value for the maximum likelihood power-law model for
samples from the same three distributions, as a function of the number of observations n. As
n increases, only the p-value for power-law distributed data remains above our rule-of-thumb
threshold p = 0.1, with the others falling off toward zero, indicating that p does correctly
identify the true power-law behavior in this case. (c) The average number of observations n
required to reject the power-law hypothesis (i.e., to make p < 0.1) for data drawn from the
log-normal and exponential distributions, as a function of xmin.

bution of the empirical data and the hypothesized model. This distance is com-
pared with distance measurements for comparable synthetic data sets drawn from
the same model, and the p-value is defined to be the fraction of the synthetic dis-
tances that are larger than the empirical distance. If p is large (close to 1), then
the difference between the empirical data and the model can be attributed to sta-
tistical fluctuations alone; if it is small, the model is not a plausible fit to the
data.
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STATISTICAL INFERENCE

Power-law behavior cannot be reliably eyeballed.
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Fig. 5 (a) The CDFs of three small samples (n = 100) drawn from different continuous distribu-
tions: a log-normal with µ = 0.3 and σ = 2, a power law with α = 2.5, and an exponential
with λ = 0.125, all with xmin = 15. (Definitions of the parameters are as in Table 1.) Visu-
ally, each of the CDFs appears roughly straight on the logarithmic scales used, but only one
is a true power law. (b) The average p-value for the maximum likelihood power-law model for
samples from the same three distributions, as a function of the number of observations n. As
n increases, only the p-value for power-law distributed data remains above our rule-of-thumb
threshold p = 0.1, with the others falling off toward zero, indicating that p does correctly
identify the true power-law behavior in this case. (c) The average number of observations n
required to reject the power-law hypothesis (i.e., to make p < 0.1) for data drawn from the
log-normal and exponential distributions, as a function of xmin.

bution of the empirical data and the hypothesized model. This distance is com-
pared with distance measurements for comparable synthetic data sets drawn from
the same model, and the p-value is defined to be the fraction of the synthetic dis-
tances that are larger than the empirical distance. If p is large (close to 1), then
the difference between the empirical data and the model can be attributed to sta-
tistical fluctuations alone; if it is small, the model is not a plausible fit to the
data.
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Background Theory Practice Foreground

PRACTICE: HYPOTHESIZING POWER LAWS

I Vuong, Q H (1989). “Likelihood Ratio Tests for Model Selection and
Non-Nested Hypotheses”. Econometrica 57(2), 307–333.

I Clauset, A, Young, M, (2007). “On the frequency of severe terrorist
events” Journal of Conflict Resolution 51(1), 58–87.

I Clauset, A, Shalizi, C R, Newman, M E J (2009). “Power-Law
Distributions in Empirical Data” SIAM Review 51(4), 661–703.
http://tuvalu.santafe.edu/˜aaronc/powerlaws/

I Gillespie, C S (2015). “Fitting Heavy Tailed Distributions: The
poweRlaw Package”. Journal of Statistical Software 64(2), 1–16.
http://www.jstatsoft.org/v64/i02/

http://tuvalu.santafe.edu/~aaronc/powerlaws/
http://www.jstatsoft.org/v64/i02/
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Background Theory Practice Foreground

RECIPE

How to analyze (discrete) empirical data hypothesized as

y = Cx−α, x ≥ xmin

1. Estimate lower bound xmin and scaling parameter α
2. Assess goodness-of-fit (sampling + discernibility test)
3. Compare power-law to alternative hypotheses (LRT)

Clauset et al, 2009
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ESTIMATE THE SCALING PARAMETER

For a fixed xmin, either
I numerically maximize the likelihood function

−n log
∞∑

n=0

(n + xmin)
−α − α

n∑
i=1

log xi

or
I use the approximation

α̂ ' 1 + n
[ n∑

i=1

log
xi

xmin − 1
2

]−1

(best when xmin & 6)

Clauset et al, 2009
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ESTIMATE THE LOWER BOUND

1. For each xmin, define

S(x) = CDF of data satisfying x ≥ xmin

P(x) = CDF of best-fit power-law model over x ≥ xmin*

2. Pick a distribution distance measure D
3. Select xmin that minimizes D(S(x),P(x))

Clauset et al, 2007
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ESTIMATE THE LOWER BOUND

1. For each xmin, define

S(x) = CDF of data satisfying x ≥ xmin

P(x) = CDF of best-fit power-law model over x ≥ xmin*

2. Pick a distribution distance measure D
3. Select xmin that minimizes D(S(x),P(x))

* Decide how to handle P(X = x) for x < xmin

Clauset et al, 2007



Background Theory Practice Foreground

EVALUATING AN xmin ESTIMATE  
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Fig. 3 Mean of the MLE for the scaling parameter for 5000 samples drawn from the test distribution,
(3.10), with α = 2.5, xmin = 100, and n = 2500, plotted as a function of the value assumed
for xmin. Statistical errors are smaller than the data points in all cases.

The importance of using the correct value for xmin is demonstrated in Figure 3,
which shows the maximum likelihood value α̂ of the scaling parameter averaged over
5000 data sets of n = 2500 samples, each drawn from the continuous form of (3.10)
with α = 2.5, as a function of the assumed value of xmin, where the true value
is 100. As the figure shows, the MLE gives accurate answers when xmin is chosen
exactly equal to the true value, but deviates rapidly below this point (because the
distribution deviates from power law) and more slowly above (because of dwindling
sample size). It would probably be acceptable in this case for xmin to err a little on
the high side (though not too much), but estimates that are too low could have severe
consequences.

The most common ways of choosing x̂min are either to estimate visually the point
beyond which the PDF or CDF of the distribution becomes roughly straight on a log-
log plot, or to plot α̂ (or a related quantity) as a function of x̂min and identify a point
beyond which the value appears relatively stable. But these approaches are clearly
subjective and can be sensitive to noise or fluctuations in the tail of the distribution—
see [57] and references therein. A more objective and principled approach is desirable.
Here we review two such methods, one that is specific to discrete data and is based on
a so-called marginal likelihood, and one that works for either discrete or continuous
data and is based on minimizing the “distance” between the power-law model and
the empirical data.

The first approach, put forward by Handcock and Jones [23], uses a generalized
model to represent all of the observed data, both above and below x̂min. Above x̂min

the data are modeled by the standard discrete power-law distribution of (2.4); be-
low x̂min each of the x̂min−1 discrete values of x are modeled by a separate probability
pk = Pr(X = k) for 1 ≤ k < x̂min (or whatever range is appropriate for the problem at
hand). The MLE for pk is simply the fraction of observations with value k. The task
then is to find the value for x̂min such that this model best fits the observed data. One
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CALCULATE THE GOODNESS-OF-FIT

-2. Pick D
-1. Estimate a power-law fit P(x) from the data S(x)*
0. Calculate D = D(P(x),S(x))
1. Generate lots of artificial datasets S′i(x) from P(x)
2. Calculate Di = D(P(x),S′i(x)
3. Estimate p ≈ P(Di > D)

Clauset et al, 2009
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EVALUATING THE GOODNESS-OF-FIT TEST 
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Fig. 5 (a) The CDFs of three small samples (n = 100) drawn from different continuous distribu-
tions: a log-normal with µ = 0.3 and σ = 2, a power law with α = 2.5, and an exponential
with λ = 0.125, all with xmin = 15. (Definitions of the parameters are as in Table 1.) Visu-
ally, each of the CDFs appears roughly straight on the logarithmic scales used, but only one
is a true power law. (b) The average p-value for the maximum likelihood power-law model for
samples from the same three distributions, as a function of the number of observations n. As
n increases, only the p-value for power-law distributed data remains above our rule-of-thumb
threshold p = 0.1, with the others falling off toward zero, indicating that p does correctly
identify the true power-law behavior in this case. (c) The average number of observations n
required to reject the power-law hypothesis (i.e., to make p < 0.1) for data drawn from the
log-normal and exponential distributions, as a function of xmin.

bution of the empirical data and the hypothesized model. This distance is com-
pared with distance measurements for comparable synthetic data sets drawn from
the same model, and the p-value is defined to be the fraction of the synthetic dis-
tances that are larger than the empirical distance. If p is large (close to 1), then
the difference between the empirical data and the model can be attributed to sta-
tistical fluctuations alone; if it is small, the model is not a plausible fit to the
data.
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COMPARE AGAINST ALTERNATIVE HYPOTHESES
Given the best-fit power-law PDF and best-fit alternative PDF

p(x) and q(x)

calculate the likelihoods

Lp =

n∏
i=1

p(xi) and Lq =

n∏
i=1

q(xi)

and consider the hypotheses

H0 : E[Lp/Lq] = 0, Hp : E[Lp/Lq] > 0, Hq : E[Lp/Lq] < 0

Then the log-likelihood ratio

R =

n∑
i=1

[log p(xi)− log q(xi)]

is asymptotically normal with σ2
R

n→∞−→ 0
Vuong, 1989; Clauset et al, 2009
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EVALUATION OF RECIPE

Compare 24 “power-law” datasets for power-law, log-normal,
and exponential behavior. . .
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Fig. 7 Rates of misclassification of distributions by the likelihood ratio test if (a) the p-value is
ignored and classification is based only on the sign of the log-likelihood ratio, and (b) if the
p-value is taken into account and we count only misclassifications where the log-likelihood
ratio has the wrong sign and the p-value is less than 0.05. Results are for the same synthetic
data as Figure 6. The black line shows the rate of misclassification (over 1000 repetitions)
of power-law samples as log-normals (95% confidence interval shown in gray), while the
(dashed) line shows the rate of misclassification of log-normals as power laws (95% confidence
interval is smaller than the width of the line).

(a) The frequency of occurrence of unique words in the novel Moby Dick by
Herman Melville [43].

(b) The degrees (i.e., numbers of distinct interaction partners) of proteins in
the partially known protein-interaction network of the yeast Saccharomyces
cerevisiae [28].

(c) The degrees of metabolites in the metabolic network of the bacterium Es-
cherichia coli [26].

(d) The degrees of nodes in the partially known network representation of the In-
ternet at the level of autonomous systems for May 2006 [25]. (An autonomous
system is a group of IP addresses on the Internet among which routing is han-
dled internally or “autonomously,” rather than using the Internet’s large-scale
border gateway protocol routing mechanism.)

(e) The number of calls received by customers of AT&T’s long distance telephone
service in the United States during a single day [1, 5].

(f) The intensity of wars from 1816–1980 measured as the number of battle deaths
per 10 000 of the combined populations of the warring nations [53, 49].

(g) The severity of terrorist attacks worldwide from February 1968 to June 2006,
measured as the number of deaths directly resulting [11].

(h) The number of bytes of data received as the result of individual web (HTTP)
requests from computer users at a large research laboratory during a 24-hour
period in June 1996 [68]. Roughly speaking, this distribution represents the
size distribution of web files transmitted over the Internet.

(i) The number of species per genus of mammals. This data set, compiled by
Smith et al. [54], is composed primarily of species alive today but also includes
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STATISTICAL INFERENCE

Power-law behavior is not ubiquitous.
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Statistical support for power−law distributions

I “good”: power-law is plausible; others are not
I “moderate”: power-law is plausible; others are also
I “with cut-off”: power-law with exponential cut-off is plausible
I “none”: power-law is not plausible

Clauset et al, 2009
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STATISTICAL INFERENCE

Power-law behavior is not ubiquitous.
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TUTORIAL IN poweRlaw PACKAGE FOR R

CICATS Study Group
20 March (Monday) @ noon

Gillespie, 2015
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