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The tumor microenvironment is an integral component in promoting tumor development. Cancer-
associated fibroblasts (CAFs), which reside in the tumor stroma, produce Hepatocyte Growth Factor (HGF),
an important trigger for invasive and metastatic tumor behavior. HGF contributes to a pro-tumorigenic
environment by activating its cognate receptor, c-Met, on tumor cells. Tumor cells, in turn, secrete growth
factors that upregulate HGF production in CAFs, thereby establishing a dynamic tumor-host signaling pro-
gram. Using a spatiotemporal multispecies model of tumor growth, we investigate how the development
and spread of a tumor is impacted by the initiation of a dynamic interaction between tumor-derived
growth factors and CAF-derived HGF. We show that establishment of such an interaction results in in-
creased tumor growth and morphological instability, the latter due in part to increased cell species het-
erogeneity at the tumor-host boundary. Invasive behavior is further increased if the tumor lowers respon-
siveness to paracrine pro-differentiation signals, which is a hallmark of neoplastic development. By mod-
eling anti-HGF and anti-c-Met therapy, we show how disruption of the HGF/c-Met axis can reduce tumor
invasiveness and growth, thereby providing theoretical evidence that targeting tumor-microenvironment

interactions is a promising avenue for therapeutic development.

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

The tumor microenvironment consists of vascular endothelial
cells, pericytes, immune inflammatory cells, and cancer associated
fibroblasts (CAFs), all which contribute to the hallmarks of can-
cer (Hanahan and Coussens, 2012; Hanahan and Weinberg, 2011).
CAFs include both tissue-derived fibroblasts and recruited myofi-
broblasts, and promote tumor invasion and metastasis via secre-
tion of growth factors and extracellular matrix (ECM) components
(Bhowmick et al., 2004; Kalluri and Zeisberg, 2006). CAF-derived
Hepatocyte Growth Factor, HGF, contributes to a pro-tumorigenic
environment by activating its cognate receptor, c-Met. High HGF/c-
Met activity has been identified in a large number of cancers and is
correlated with more severe tumor grade and poor patient survival
(Christensen et al., 2005; Matsumoto and Nakamura, 2006; Organ
and Tsao, 2011). The signaling cascades triggered by c-Met include
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the PI3K/AKT, ERK/MAPK, NF-«B, Wnt/B-catenin, and STAT/JNK
pathways, among others. These and other cascades contribute to
a complex phenotypic response to HGF, which also depends on the
cell type and culture conditions. Nevertheless, common responses
of tumor cells include increased anchorage-independent growth,
motility, and proliferation. Indeed, HGF was first termed Scatter
Factor for its scattering effect on epithelial cells (Stoker and Per-
ryman, 1985). Moreover, epithelial tubulogenesis is also observed
in some cell types (Birchmeier et al., 2003; Organ and Tsao, 2011;
Trusolino et al., 2010). Tumor cells secrete growth factors, including
PDGF, TNF«, bFGF, and others (depending on tumor-type) that up-
regulate HGF production in CAFs (De Luca et al., 2010; Matsumoto
and Nakamura, 2006), thereby establishing a dynamic tumor-host
signaling program.

An additional heterogeneity in tumors results from intratumoral
cell hierarchies, which are generally less robustly controlled and
more heterogeneous than in normal tissues (Medema, 2013; Schat-
ton et al., 2009). In vitro research on both primary tumor cells and
established cancer cell lines has resulted in emergence of cancer
stem cells (CSCs) as potential targets of new cancer therapeutics
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(Jordan et al., 2006). CSCs are currently regarded as a highly dy-
namic population, whose behavior is determined by both genetic
and environmental factors, and may be, instead of a specific cell
type amenable to therapeutic targeting, a phenotype that a large
population of cancer cells can achieve in the appropriate environ-
mental conditions (Kreso and Dick, 2014; Zeuner et al., 2014).

Mathematical models of tumor growth now compose several
classes, including continuous, discrete, and hybrid; single compart-
ment and multi-compartment (see Byrne, 2010; Deisboeck et al.,
2011; Lowengrub et al., 2010; Wang et al., 2015, for comprehen-
sive reviews of the aforementioned model types). Incorporation of
the microenvironment into these models involves adding an ex-
tra layer of complexity to an underlying model structure. Angio-
genesis, macrophage infiltration, and stromal-mechanical pertur-
bations have all been modeled by one or more of the previous
model classes (Anderson et al., 2006; Eftimie et al., 2011; Eiken-
berry et al., 2009; Frieboes et al., 2013; Katira et al., 2013; Rej-
niak and McCawley, 2010; Welter and Rieger, 2013; Yan et al., 2017;
2016). Many of these modeling studies also include simulation of
drug action in the complex milieu of the microenvironment. For
example, Eikenberry et al. (2009) developed a partial differential
equation model to investigate how surgical resection of a primary
melanoma, along with its associated immune cells, would impact
the stability of local metastases by disrupting the immune sup-
pression induced by the primary tumor-resident immune cells. The
model incorporated tumor-immune interactions into a spatially ex-
plicit system that could elucidate how therapy would impact the
complex interplay of primary and satellite tumor cells with the im-
mune response.

Despite the prevalence of tumor and tumor-microenvironment
models, based on our current knowledge, no tissue-level models
of CAF-tumor interactions have been developed that specifically
addresses the HGF/c-Met and tumor-derived growth-factor signal-
ing pathway dynamics. Using, as a starting point, a spatiotempo-
ral, multispecies model of tumor growth that accounts for feed-
back signaling between CSCs and non-CSCs (Yan et al., 2017; 2016;
Youssefpour et al., 2012), we investigate how the development and
spread of a tumor is impacted by a dynamic interaction between
tumor-derived growth factors and CAF-derived HGF, and the physi-
ological effect of therapies directed at reducing the strength of this
feedback mechanism.

2. The mathematical model
2.1. Overview

A multispecies continuum model of tumor growth with
lineage dynamics and feedback regulation was developed by
Youssefpour et al. (2012), who investigated two-stage lineages pri-
marily in two dimensions and Yan et al. (2016), who investi-
gated three-stage lineages in three dimensions. One-way coupling
of HGF to tumor dynamics was investigated by Yan et al. (2017),
where a non-monotonic effect of external HGF treatment on tu-
mor shape was shown: a low dose increased morphological asym-
metry, whereas a higher dose resulted in a larger, but more mor-
phologically stable tumor. In this work, we extend the investiga-
tion of HGF-mediated tumor growth by developing a model that
incorporates a dynamic, two-way coupling between the tumor and
HGF-producing CAFs (Fig. 1). The tumor tissue is modeled to be
composed of three cell types: stem, terminal, and dead. While
many cell lineage models also include committed progenitor cells
as an intermediate phenotype between stem and terminal cells,
our model classifies both committed progenitor and cancer stem
cells in the stem cell category. We do this in order to lower the
parameter burden and to simplify the model. In future work, we
will consider these two compartments separately.
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Fig. 1. Tumor-CAF interaction model. Tumor components (water and stem, termi-
nal, and dead cells) are in blue, the host component (CAF) is in red, and associ-
ated growth factors and proteins (c-Met (M), c-Met inhibitors (MI), HGF, SGF, TGFS,
and SGF) are in black. Critical parameters are in green, red arrows represent tumor
species interconversion, and blue arrows represent chemical production and action.
Stem cells renew with probability Py and divide with rate Aysc. Terminal cells die
at a rate Ay and dead cells are converted to water. Py is promoted by products
of the c-Met signaling cascade (M) and HGF, and lowered by TGFS, which is pro-
duced by the terminal cells. c-Met production, in turn, is promoted by itself and
HGF, and lowered by c-Met inhibitors (MI). HGF production by CAFs is promoted
by SGF, which are produced by stem and terminal cells. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version
of this article.)

Stem cells have a probability of self-renewal, Py, and a division
rate, Aysc, that are dependent upon negative feedback from TGFS8
family members produced by terminal cells and positive feedback
from products of the c-Met signaling cascade. Stem cell scatter and
motility are also increased by c-Met (not shown in Fig. 1). Addi-
tionally, c-Met is inhibited by stem-cell produced c-Met inhibitors.
Cancer-associated fibroblasts, CAFs, reside in the host tissue, and
interact with the tumor by secreting HGF, which is stimulated by
release of stroma-acting growth factors (SGF) by the stem and ter-
minal cells. HGF, in turn, promotes production of c-Met products.
Terminal cells die at a rate Asrc, and dead cells are eventually con-
verted to water (Fig. 1).

2.2. Cell species conservation, HGF-induced cell spread, and cell
velocity

Local area fractions of the cell species (¢csc 1c pc), host (¢y),
and water (¢,,) make up the dependent variables, which sum to 1.
Assuming that that the total solid and water fractions are constant
allows us to determine the water component via solid component
dynamics. A conservation equation of the form

Generalized Diffusion ~ Mass-exchange Advection
S ¢* —_——— —~ = ——
St = -V -Js + Src, +-V. (us¢*) (1)

is assumed for each cell type, where * denotes tumor cell
species. A Helmholtz free energy of global adhesion is given by
Wise et al. (2008) and Youssefpour et al. (2012)

E=L [ F@n)+e|Voriax 2)

where 2 is the domain occupied by the tumor and host, ¢ =
Pcsc + Pre + dpc is the total solid tumor area fraction, F(¢y) mod-
els energy from local adhesion, &€ models longer range compo-
nent interactions, and y is a global measure of cell-cell adhe-
sion (incorporating both local and longer-range contributions to
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adhesion). Generalized diffusion for tumor components is repre-
sented by —V -], , where J. = —M¢.V . For the host, we have
Ju = Mp¢r V. Here, M, is mobility and p is the chemical poten-
tial,

= 5% _7 ( 15O - 82V2¢T> 3)

Since the first discovery of HGF as a scatter factor for epithe-
lial cells, HGF has been shown to have a pro-migratory effect on
cells in the contexts of development, wound healing, and cancer
(Birchmeier et al., 2003). The pro-migratory effect is mediated by
several pleiotropic effects of activated c-Met on cell physiology. The
c-Met-activated Ras cascade has been shown to be critical for dis-
assembly of adherens junctions between tumor cells (Potempa and
Ridley, 1998; Ueoka et al., 2000). Additionally, activated c-Met re-
sults in increased production of the proteolytic enzyme urokinase-
type plasminogen activator (uPA) and its receptor (uPAR) (Jeffers
et al., 1996; Nishimura et al., 2003). uPA catalyzes ECM degrada-
tion and remodeling, and is correlated with increased malignancy
in several cancers (Duffy, 2004; Sidenius and Blasi, 2003; Ulisse
et al, 2009). In MDCK cells, HGF-activated c-Met was found to
further promote cell dispersal by enhancing cell-ECM interactions
via modification of cellular transmembrane integrin protein activ-
ity (Trusolino et al., 2000).

We model the effect of c-Met on cell spread by having it act on
the local interaction energy, F(¢r), as follows. First, we model F as
a double-well potential and represent it as a sum of its convex and
concave parts, which model cell-cell repulsion (and attraction to
ECM), and cell-cell attraction, respectively, with cell-cell adhesion
arising from a balance between the two (Wise et al., 2008). We can
model the effect of HGF as shifting this balance via its effect on
c-Met. Accordingly, we introduce a weighting function g(Cy) and
modify F as follows,

F(¢r) = E(CM) <<<¢T - %)4 116> (¢T ) g(Qw))

. _ 62Cu

E(CM)—l+m9 (5)
1

g(Cu) = m (6)

where E > 0 is an energy scale and Cy is the concentration of c-
Met. When E (Cy) = g(Cy) = 1, the original F is recovered. As g(Cy;)
decreases, F tends towards a single-well potential at ¢t = 1/2. By
taking g(Cy) as in (6), where §; is the strength of c-Met effect on
g, we can obtain a shift towards the single-well potential with in-
creasing c-Met. This allows us to model the breakdown of cell-cell
adhesion and increase in cell-matrix adhesion promoted by c-Met.
Additionally, by taking E as in (5), where 8, indicates strength of
c-Met action on E, we can model the local effect of c-Met on ECM
remodeling, since an increased E increases the driving force of the
components independently of whether F is a single- or double-well
potential.

The cell velocity, us, is assumed to satisfy the generalized
Darcy’s law, which is a constitutive equation that models fluid flow
through a porous media (Lowengrub et al., 2010; Wise et al., 2008),

U = —k (Vp - %MV(ﬁr), (7)

where k reflects combined effects of cell-cell and cell-matrix adhe-
sion, p is the solid pressure generated by cell proliferation, and
is the chemical potential (3). We can sum the conservation equa-
tions to obtain an equation for velocity

V. Us = Srccsc + STCTC + ST'CD(‘, (8)

with the assumption that the host is under homeostatic conditions
(Srcy = 0). The pressure p can be obtained by solving Eqs. (7) and
(8).

At the far-field boundary, ¥, of the domain, €2, we impose no-
flux, homogeneous Neumann boundary conditions: Vér cscrc =
woo = 0, where w, is the outwards-pointing normal vector on X,
Chemical potential, 1, and pressure, p, have homogeneous Dirichlet
conditions @ = p =0 on X, allowing the tumor to move across
the outer boundary (Wise et al., 2008).

2.3. The mass-exchange equations

Src« represents the mass-exchange terms, which incorporate
mitosis, differentiation, death, and species conversion. The self-
renewal rate of the CSCs is Py, and both the self-renewal and mi-
tosis rates are proportional to the concentration of oxygen and nu-
trients, represented by a single variable Cy. The source terms are
as follows:

Cancer stem cell (CSC) self-renewal

Srcese = Amsc (2Py — 1) pescCoG (desc). (9)

Differentiation of CSCs

Srere = 2Amsc (1 = Po) PescCoG(Pesc)

Mitosis Death
—
+ Amrc@rcCoG(@rc) — Aarcpre, (10)
Death Lysis
—_—— =
Srepe = Aarcére — Ardoc, (11)

where mitosis, cell death, and lysis rates are denoted by Ay, Agr,
and A;-, respectively, where * indicates cell type. Proliferation is
cut off at sufficiently low concentration by G(¢-), specifically, we
take (Wise et al., 2008; Youssefpour et al., 2012)

1 if ¢ > 28
G(o,) = {¢* 28 if 18 < ¢ < % (12)
0 1f¢ < le.

2.4. Stem cell self-renewal and division

HGF/c-Met induces cellular proliferation via multiple signaling
cascades, including Ras/Raf, PI3K/Akt, NF-«kB, and Wnt/B-catenin
(Birchmeier et al.,, 2003; Li et al, 2015; Muller et al., 2002; Or-
gan and Tsao, 2011; Trusolino et al., 2010). Moreover, HGF/c-Met
has been implicated in CSC development and maintenance in colon
cancer (Vermeulen et al., 2010), glioblastoma (Joo et al., 2012; Li
et al., 2011) and head and neck squamous cell carcinoma (HNSCC)
(Lim et al., 2014). For example, Vermeulen et al. (2010) showed
that HGF-induced pB-catenin nuclear localization and activation
of canonical Wnt signal was associated with increased cellular
clonogenicity in primary colon cancer spheroid cultures, impli-
cating the cascade in promoting the CSC phenotype. Similarly,
Lim et al. (2014) have shown that in HNSCC HGF/c-Met promoted
HNCSCC CSC marker expression and cell sphere-forming capacity.
When c-Met was knocked down, the cells showed increased ra-
diosensitivity and decreased ability to form tumors in a mouse
xenograft model. HGF has also been shown to have an effect on
reducing cell death rates (Xiao et al., 2001).

TGFB is a potent growth inhibitor (Huang and Huang, 2005)
and differentiation promoter (Watabe and Miyazono, 2009) for
many cell types and early-stage tumors. We model the effect of
c-Met and TGFS on stem cell self-renewal and proliferation below.
To lower the parameter burden, we maintain a low, and constant,
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apoptotic rate in the Src+ equations that is not dependent on the
growth factors. We take

G 1
PO = Pmin + (Pmax - Pmin) (] _%:_OE:ICM)(.I T WOCTGF,‘E>’ (13)

G 1
A = At + A5 = A ) (1 iléiwclv) <1 + V1Crerg )
(14)

where Cpgrg is the concentration of TGFB, and Py mex and
)‘MSCmin,max are the minimum and maximum rates of self-renewal
and CSC division rates, respectively. The strength of the c-Met ef-
fect on Py and Apgc is represented by &, and &, respectively, while
the strength of the inhibitory TGFS action on Py and Apc is rep-
resented by ¥¢ and ¥, respectively.

2.5. Chemical species

2.5.1. Oxygen / nutrients

The combined effect of oxygen and nutrients is denoted as O.
Uptake is assumed to be negligible in the host in comparison to
the tumor species, and diffusion rapid in comparison to the rate
of cell proliferation (Wise et al., 2008; Youssefpour et al., 2012).
Hence, the corresponding concentration Cy can be modeled using
a quasi-steady state equation,

0=V .-(DoVCo) — (vyocscPesc + vicPre)Co
+ vpo(Cao — Co)Q(¢r). (15)

where vygcse, Vuorc are the uptake rates by the CSCs and TCs, re-
spectively, and Dy is the diffusion coefficient. The rate of O enter-
ing the microenvironment is modeled by vpp, and the concentra-
tion of O in the medium sufficiently far from the tumor is given
by C4o. Which is also taken to be the boundary condition on .,
Co = Cao. The host domain is approximated by Q(c), an interpolat-
ing function from the tumor (Q =0) to the host (Q = 1), and is
taken to be (Wise et al., 2008)

Q(c) =3c% - 263, (16)

where c =1 — ¢5.

2.5.2. TGFB

A diffusible differentiation promoter, produced by the termi-
nal cells, is modeled by the variable TGF8, which represents the
TGFB superfamily (Lombardo et al., 2011; Moses and Serra, 1996).
Although in later stages of cancer TGFB may be produced by
other cells (namely stroma and immune), we do not model that
here since this progression coincides with inactivation of certain
TGFB downstream signaling components and results in a pheno-
typically distinct role of TGFB from its tumor-suppressing effects
(Massagué, 2008). We model the loss of responsiveness to TGFS in
Section 3.3 and discuss approaches to modeling the ‘TGFS paradox’
(i.e. its tumor-promoting actions) in Section 4.

Rapid diffusion is assumed for TGFB due to the long-range ac-
tion of some of its family members, such as Activin (Jones et al.,
1996), which is directly involved in regulating epithelial tumorige-
nesis (Le Bras et al., 2014), or BMP4, which can have an effective
long-range gradient due to long-range diffusion of its inhibitors
(Dale and Wardle, 1999; Jones and Smith, 1998). Hence, we use
a quasi-steady reaction-diffusion equation for Crgrg,

0=V. (Drgrp VCTGFﬁ) - (VUTGF,S¢C5C
+Vprerg)Crerp + VercrsPres (17)

where vyrgeg is the uptake rate by CSCs, vprgrg is the decay rate,
vprrg is the production rate by TCs, and Dygrg is the TGFS dif-
fusion coefficient. The boundary condition for Crgg is taken to be
Dirichlet (Crgpg = 0) on X.

2.5.3. c-Met and c-Met inhibitors

A generalized Geirer-Meinhardt-Turing system is used to model
the interaction of the activator c-Met and its downstream products
with their inhibitors (Gierer and Meinhardt, 1972; Turing, 1952).
Such a system, with Wnt/Dkk as the activator/inhibitor pair has
been suggested in hair follicle development (Sick et al., 2006),
crypt generation (Zhang et al., 2012), and tumor development
(Youssefpour et al., 2012). The large number of cross-activating
downstream signaling components of c-Met, some of which in-
clude positive feedback loops amongst themselves (Syed et al.,
2011; Verma et al., 2015), motivate a nonlinear c-Met activation
term. Inhibitors of c-Met and the downstream effectors activated
by induced c-Met include the autocrine-acting c-CBL (Petrelli et al.,
2002), paracrine-acting Delta (Stella et al., 2005), and the secreted
factor DKk. Since c-Met products are autocrine or paracrine effec-
tors, we take c-Met products to have a short-range, and c-Met in-
hibitors a long-range, diffusion coefficient. The functional correla-
tion between cancer stem cells and enhanced c-Met activity has
been discussed in Section 2.4, hence we model c-Met and c-Met
inhibitor production to be limited primarily to CSCs. We also in-
clude low-level background production of c-Met by all viable tu-
mor cell types. Since HGF activates c-Met products and induces c-
Met production, we model the effect of HGF on c-Met by its pos-
itive effect on the production rate of c-Met. Finally, production is
made dependent on nutrient (0) levels (in this model, we do not
consider hypoxia-dependent c-Met upregulation (Trusolino et al.,
2010)). We take

aC,

S = V- (DuVGn) + f (Cu. Cu). (18)
Cuy

SM V- (D Vo) + &(Cu, G, (19)

A2, Crcr + C3

C
f(Cum.Cur) = veu M Copesc — vomCu

Cwir
+1nmCo (Pesc + ¢re). (20)
VpM = Vo + Aty CHer (21)
8(Cu. Cun) = vemiCHCotbesc — VomiCur. (22)

where Cy; and Cyy are the concentrations of c-Met products and
c-Met inhibitors, respectively, Dy, is the diffusion coefficient for
downstream c-Met effectors, which is assumed to be small relative
to the diffusion coefficient for c-Met inhibitors, Dy;. The strength
of positive feedback of HGF on c-Met is represented by A1 ,.., 7Iu
represents background production of c-Met products, v,,, v, are
the respective production and decay rates of c-Met-activated pro-
teins and vy, vp,, are the respective production and decay rates
of c-Met inhibitor proteins. The production rate of c-Met-activated
proteins, v, is taken to be the sum of v, the auto-activation rate
of M, and )»]HGFCHGF.

We note that we have two HGF-dependent actions on c-Met
production, with respective strengths A1, and A5, due to the
multi-modality of HGF action on c-Met and its downstream effec-
tors. In order to better understand how each HGF-dependent ac-
tion on c-Met affects c-Met product levels and tumor phenotype,
we developed a reduced, homogenous model of the system and
performed a Turing analysis on it in Appendix A.

We assume no flux, homogeneous Neumann, boundary condi-
tions for c-Met and c-Met inhibitor chemical fields, hence we take
Woo * VCM = W - VCM] =0on .
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2.5.4. HGF and stroma-acting growth factors (SGF)

Cancer cells secrete growth factors and cytokines such as TNFc,
bFGF, and PDGF, which induce upregulation of HGF production in
stroma-resident fibroblast cells (De Luca et al., 2010; Gohda et al.,
1994; Matsumoto and Nakamura, 2006; Roletto et al., 1996). Be-
cause of the lack of definitive data, we cannot currently specify
whether the CSCs preferentially release these growth factors, and if
increased c-Met signal results in an increased release of these fac-
tors, thus we model a positive effect of the growth factors from all
viable tumor tissue on HGF production by fibroblasts in the stroma.
The fibroblasts are considered to be homogeneously, and densely,
distributed within the stroma (Karagiannis et al., 2012), although
there is evidence that ECM remodeling occurs at the tumor-host
boundary to allow for tumor spread (Friedl and Wolf, 2008), we
account for this phenomenon not via changing the host phenotype
but by making tumor cells more motile (see Section 2.2).

Additionally, there is substantial evidence that TGFS is a nega-
tive regulator of HGF production in stroma-resident fibroblasts, and
thus we include its inhibitory effect in the model (Gohda et al.,
1992; Harrison et al., 2000; Matsumoto and Nakamura, 2006):

aC, C
aHtGF = Vpyer z +SC(ETFGF5 CoQ(¢r) — Ve Cricr + V- (Dror VChor).
(23)
0Cscr _ . Cor + V - (Dscr VG
At 0 (Wygrs Pesc + Vger P16) — ViseeCor + V- (Dser VGsar ),
(24)
where Cygr is the concentration of HGF, v, and v, . are the re-

spective production and decay rates of HGF, and ¢ is a value close
to zero added to regularize the equation. The interpolation func-
tion Q(¢r) ~ 1 — ¢ is given by Eq. (16), and Dygr is the diffusion
coefficient for HGF. Dygr is taken to be smaller than the diffusion
coefficients for the other growth factors due to its high molecular
weight (Nakamura et al., 1989). The production rates of SGF by the
stem and terminal cell fractions are v, and vy, respectively.
The decay rate is v, and Dscr is the diffusion rate of the growth
factors. In the main text, we let vy .. = v, and test the cases
where SGF production is significantly higher for the CSC or termi-
nal cell compartment in the Supplementary Material, Section S3.

2.6. Nondimensionalized equations

The equations are nondimensionalized following (Wise et al.,
2008; Youssefpour et al., 2012): we take the O diffusion scale, | =
+/Do/Vyosc, and the mitosis time scale t = (AMSCMC_AO)‘l, where
Awmsc, Trepresents the mean of Aysc,. and Awysc,,. The diffusion
length scale, [, is estimated to be [~ 150um and the mitosis time
scale to be T ~1 day following (Frieboes et al., 2006). The nondi-
mensionalization procedure and parameters are described in Sup-
plementary Material, Section S1 and Section 2.7, respectively. Be-
low we show the equations that change after nondimensionaliza-
tion, where the others are identical with the dimensional forms,
except that variables and parameters are redefined, as explained in
the Supplementary Material Section S1 and Section 2.7.

The nondimensionalized equations for O and TGFp, respectively,
are

0 = V2Co — Co(¢esc + vuorcPre) + vro(1 — Co)Q(or), (25)

0 = V2Creeg — (Vur@esc + Vor)Crerg + Vprargdrc. (26)

The nondimensionalized equations for c-Met and c-Met in-
hibitors are
dCy

Fra V- (DuVGy) + Rf(Cu. Cun), (27)

Ll
TMI =V . (DmiVCur) + Rg(Cur, Cur), (28)

A2, Crcr + C3

C
F(Cym.Cup) = vpu M Copesc — Cu

Cmi
+ MmCo (Pesc + Pep + Pro). (29)
Vpy = Vo + A, Cror, (30)
&(Cu. Cr) = CiCopesc — vomiCur- (31)

2.7. Nondimensionalized model parameters

The nondimensional parameter values used in the model are
presented in Tables 1 and 2, for brevity, c-Met is shortened to M
and c-Met inhibitors to MI. Since this model is an extension of the
Youssefpour et al. (2012) model, with earlier versions published in
Konstorum et al. (2013a); 2013b), a majority are derived from these
references, as identified by (*) for Youssefpour et al. (2012) and
(**) for Konstorum et al. (2013b), in the References column of
Tables 1 and 2. Choices of other parameters are discussed in the
main text. The reader is referred to the part of the text that
address the specific parameter under the References column of
Tables 1 and 2.

3. Results

An adaptive finite difference nonlinear multigrid method (Wise
et al., 2011; 2008; Youssefpour et al, 2012) is used to solve
the governing equations efficiently on a computational domain
of [-20,20]2. We solve for ¢r = ¢csc + Prc + Ppc, then we can
calculate ¢rc = ¢1 — (Pcsc + Ppc). To remove the high-order time
step constraint incurred by an explicit method, we use an implicit
2nd order accurate time discretization of Crank-Nicholson type,
and spatial derivatives are discretized using 2nd order accurate
central difference approximations. In regions of large gradients,
block structured Cartesian refinement is used to provide enhanced
local resolution. For further details, see Wise et al. (2011) or
Youssefpour et al. (2012).

We initialize the tumor with an asymmetrical shape and a
45/50/5 homogenous fractional distribution of SCs, TCs, and DCs
(respectively). We note that changing the initial fractional distribu-
tion of cell compartments does not have a qualitative effect on the
simulations. The initialized asymmetrical shape can be visualized
in the inset in Fig. 2(a), its mathematical formulation is described
in the Supplementary Material, Section S2. This initial condition
provides a diffuse interface representation of an asymmetrical tu-
mor centered at the origin with maximum radius of +/3. Choice
of a different asymmetrical initial shape does not influence the re-
sults in a qualitative manner.

We take initial conditions for Cy; and Cyy, the concentrations
of c-Met and c-Met inhibitor, as identical to those for Cy and
Cwi, the concentrations for Wnt and Wnt inhibitors, respectively,
in Youssefpour et al. (2012) in order to maintain continuity with
the former model in the sense that we want the control condi-
tion to be qualitatively similar to the model presented therein. We
elaborate on our choice of initial conditions for Cy;, Cyy, as well as
for Csgr and Cygr in the Supplementary Material, Section S2. We
note that other initial conditions for c-Met, c-Met inhibitor, HGF,
and SGF produce qualitatively similar results. Since Co and Cygrg
satisfy quasi-steady diffusion equations, we need not take initial
conditions for these fields.
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Table 1

Nondimensionalized cell-level parameters (Sections 2.2-2.4, 2.6).

Parameter  Description Value  Reference
1% Global adhesion -0.1 ™)
e Diffuse interface thickness 0.05 ™)
M, Mobility 10.0 (*)
81 Strength of M effect on F(¢r), measure of cell scatter ~ 0.02 Section 3.2
8 Strength of M effect on E, the energy scale 0.02 Section 3.2
K Pressure-dependent cell motility 1.0 ™)
Aurc TC mitosis rate 0.1 ™)
Aatc TC death rate 0.1 (@)
AL DC lysis rate 1.0 ™)
Ppin Min. CSC self-renewal rate 0.2 ™)
Prnax Max. CSC self-renewal rate 1.0 )
& Strength of M action on Py 1.0 ™)
Yo Strength of TGFS action on Py 1.0 Section 3.1
AMSCpin Min. CSC mitosis rate 0.5 Estimated, (Frank, 2007, Chapter 12)
AMSCrax Max. CSC mitosis rate 1.5 Estimated, (Frank, 2007, Chapter 12)
& Strength of M action on Aysc 0.5 Estimated by simulation
v Strength of TGFf action on Aysc 0.5 (**)
Table 2
Nondimensionalized chemical species parameters (Sections 2.5, 2.6).
Parameter  Description Value Reference
Vuorc Oxygen uptake rate by TCs 1.0 *)
Vpo Oxygen transfer rate 0.5 ™)
VuTGRS TGFB uptake rate by CSCs 0.05 *)
VIGES TGFp decay rate 0.0 (*)
VPTGES TGFB production rate by TCs 0.1 ™)
Dy Diffusion of M effectors 1.0 *)
Dy Diffusion of MI effectors 25.0 *)
Vo Strength of HGF-independent M activation 1.0 *)
M 246 Strength of HGF-induced M activation 0.5 Section 3.2
Vom M decay rate 1.0 (*)
M Background M production rate 0.2 *)
Vpmr MI Decay rate 1.0 ™)
R Reaction rate 50.0 (*)
VPHGF Strength of SGF on HGF activation {5,10,15}  Sections 3.1, S3
VDHGF HGF decay rate 1.0 (**)
Drer HGF diffusion rate 0.1 (**)
VsGEs SGF production rate by CSCs {5,10,15}  Section 3.1, S3
VsGFT SGF production rate by TCs {5,10,15}  Section 3.1, S3
Vpscr SGF decay rate 1.0 **)
Dscr SGF diffusion rate 1.0 (**)

3.1. Tumor progression with varying HGF feedback

We begin by simulating HGF dynamics in a tumor in its early
stages, when response to inhibitory growth feedback is relatively
strong. We do this by setting the TGFS self-renewal feedback pa-
rameter, o, to ¥ = 1. In Youssefpour et al. (2012), the authors
showed that a growing tumor with no HGF feedback and v =1
grows slower and is more stable than a tumor with ¢ = 0.5. In
Section 3.3, we will show how HGF feedback alters tumor behavior
with lowered response to TGFB. We incorporate different strengths
of HGF feedback (see below) at time T = 10 (recall T is measured
in CSC cell cycles) in the simulation. We do this since we expect
a delay between tumor initialization and microenvironmental re-
cruitment, although there is evidence that in certain cases, muta-
tions in microenvironmental components may drive tumorigenesis
(Trimboli et al., 2009). In our system we consider the tumor as
the initiator of the microenvironment-tumor interaction. We note
that we do not observe qualitative differences between the choice
of early T at which to start the HGF dynamics and the resulting
tumor phenotype.!

T An exception to this statement occurs if we include HGF dynamics at T < 2. Dur-
ing very early time, initial pattern formation occurs, and we have observed that the
resulting phenotype becomes highly sensitive to parameter values and specific time
of HGF dynamic initialization, whereas the system is much more robust if HGF dy-

Since the strength of the dynamic relationship between HGF
and SGF feedback is unknown, we simulate growth of the tumor
in four distinct conditions: none, low, intermediate (int), and high
HGF feedback. To change the strength of feedback, we focus on
three parameters found in Eqgs. (23) and (24), Vp,p. Vgrs. and

The strength of SGF action on HGF is represented by v,,...
and v, are the respective production rates of SGF by the stem
and terminal tissue fractions. For low (respectively, int, high) HGF,
Wwe Set V. = Vgops = Vg = 5 (respectively 10, 15). With HGF dy-
namics initiated at T = 10, the stem cell fractions from the result-
ing simulations for T = 50, 100, and 150 are shown in Fig. 2(a). The
outline of the tumor body is clearly visible in all simulations, and
is highlighted in green for the no HGF, T = 50 case. We see that as
HGF dynamics increase from none to int, the number of stem cell
spots increases, and there is a change to a more asymmetrical mor-
phology. As HGF dynamics further increase to the high mode, the
number of spots decreases, but the spot size increases, and there
is a large change in the morphology with an increase in invasive
fingering and tumor fragmentation (T = 150).

We observe that the rate of increase of total tumor area is
positively correlated with increasing HGF strength (Fig. 2(b)(i)),

vSGF T*

namics are incorporated at T> 2. Since we hypothesize that a time delay does occur
between tumor initiation and formation of the HGF feedback loop, we present re-
sults of simulations when the HGF dynamic is initialized at T> 2.
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Fig. 2. HGF feedback increases tumor growth rates and enhances invasiveness. (a) Stem cell fractions for increasing HGF dynamics and T = 50, 100, 150. Inset in top right
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whereas the different cell fractions remain similar over all HGF
strengths (Fig. 2(b)(ii)). Indeed, it has been observed that can-
cer stem cells constitute a stable fraction of the tumor population
(Dalerba et al., 2007). In order to measure the changes in morphol-
ogy induced by HGF dynamics, we consider the shape factor, SF, for
an object, which is calculated by

SF(P,A) = P?/(4mA), (32)

where P and A are the object perimeter and area, respectively. The
shape factor for a circle is SF = 1, and increases as the shape of
the object deviates from a circle. The shape factor tends to in-
crease over time in all cases, but increases more drastically as HGF
dynamics increase (Fig. 2(b)(iii)), supporting the experimental re-

sults that HGF can induce branching and invasive morphology in
exposed tissues and tumors, respectively (Brinkmann et al., 1995;
Ikari et al., 2003; Wong et al., 2000).

We fix T = 100 in order to more closely observe other variables
associated with the simulations, namely concentrations of c-Met,
HGF, and SGF (Fig. 3(a)) and total tumor, terminal cell, and dead
cell fractions (Fig. 3(b)). c-Met levels in the spots increase with in-
creasing HGF dynamics, and there is an increase in HGF concentra-
tion at the tumor-host boundary and SGF concentration within the
tumor (Fig. 3(a)). A large fraction of all the cases contain termi-
nal cells, with a smaller co-localized percentage of dead cells, and
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Fig. 4. Effect of c-Met-mediated cell scatter on spot formation, tumor growth, and invasive morphology in high HGF conditions. (a) Stem cell distributions in HGF high
conditions and without (ScOff, §; = 0.0) or with (ScOn, §; , = 0.02) HGF-induced effect on cell scatter. (b) Quantification of stem scatter fraction (SSF) and shape factor (SF)
for ScOff and ScOn simulations. Time-course data was smoothed using Moving Average Filtering in Matlab R2014b.

with both cell types concentrated outside of the areas with stem
cell spots (Fig. 3(b)).

3.2. HGE, cell scatter, and pattern formation

In order to better understand how HGF dynamics influence spot
formation, we examine the early and late-time dynamics of the
simulations with and without c-Met-induced cell scatter (the lat-
ter case is simulated by setting 8;, =0 in Egs. (5) and (6)). For
brevity, we call the case with 6; 5 =0, ‘ScOff, and the case with
812 =0.02, ‘ScOn’. The values for 8; , were chosen to simulate
a moderate, but observable effect, of HGF on cell-cell and cell-
ECM interactions. We observe that c-Met-induced cell scatter re-
sults in loss of stem cell spots and an increase in invasive fingering
(Fig. 4(a)). We can quantify these effects by measuring the shape
factor (SF, Eq. (32)) and the stem scatter fraction (SSF) of the ScOn
and ScOff simulations during the simulation runtime. We calculate

the SSF by first measuring the concentration of stem cells in the
host tissue, which is taken to be the area of stem cells in the host
region normalized to the area of stem cells in the entire domain,

Jo @sc(1 — ¢r)dx
fg Pscdx '

We find SSF and SF are increased for the ScOn compared to the
ScOff case (Fig. 4). This increase in SSF is due to the increased cell
scatter, whereas the increase in SF is due to the increased hetero-
geneity of cell types and behavior at the tumor-host boundary.

Pattern formation is also impacted by the respective strengths
of Ay2,, In Egs. (18), (20), and (21). In Fig. 5, we observe that
if A1, =0, then as Ay, . increases, we eventually see a continu-
ous strip of stem cells at the tumor host boundary. Alternatively,
setting Ay, =0 and increasing Ay, does not result in the in-
crease in spot number, but each spot is bigger, has higher c-Met

SSF(¢sc., ¢r. Q) = (33)
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and c-Met inhibitor concentrations, and gives rise to larger tumor
fingers.

To obtain an analytical understanding of the effect of HGF ac-
tion with respect to these two parameters, we performed a Turing
Analysis on a reduced system of two equations modeling a non-
linear reaction-diffusion system with a forcing term (Appendix A).
In the reduced system (A.1), we find that an increase in the term
Vg, Which is linearly proportional to Ay, . Cygr, results in increased

steady state @ and b, which correspond to Cy; and Cyy, respectively,
in the original system, and no effect on the critical wavenumber,
Qmin» (EQ. (A.6)) or maximum eigenvalues (Eq. (A.8)) of Aq, as de-
fined in Eq. (A.7). This system corresponds to the simulations with
(Myeps A2yer) = (%, 0), where x is positive, as shown in the bottom
row of Fig. 5, where we indeed see no change in the number of
stem cell spots, but do see an increase in both Cy; and Cy. Alter-
natively, the Turing Analysis on system (A.9) shows that increasing
the term Eq, which corresponds to Ay, .Chcr in the original sys-
tem, leads to a decrease in the critical wavenumber q,;, and max-
imal eigenvalues of Aq (Fig. A.1). We would expect such a system
to eventually become more stable with increasing E,, especially at
low v, since the decrease in maximal eigenvalues indicates that
the growth rates of the perturbations will decrease with increas-
ing Eg. Although q,;, is decreasing, which signals that we may find
more unstable wave numbers, a very low perturbation growth rate
suggests that pattern formation will not occur. In the original sys-
tem, when we take (A1, A2,.) = (0,%), with x positive, we in-
deed see a uniform band of stem cells forming when A, . is large
enough (Fig. 5).

3.3. Effect of negative feedback on tumor growth

A common characteristic of tumors that progress from pre-
neoplastic lesions to neoplasms is that they lose the ability to re-
spond to negative growth feedback signals (Hanahan and Wein-
berg, 2011). For example, in colorectal cancer, resistance to TGF8
by mutation of a cognate receptor is associated with progres-
sion from adenoma to malignant carcinoma (Grady et al., 1998).
The TGFB pathway can also be inactivated by a mutation of the
TGFp receptor TGFBR2 or by inactivation of downstream signaling
components SMAD2, SMAD3, or SMAD4 (Markowitz and Bertag-
nolli, 2009).

Loss of response to members of the TGFB family is correlated
with poorer prognosis in a clinical setting (Pickup et al., 2013).
Therefore, to model the effect of HGF dynamics in a tumor that
has progressed beyond the initial stages, we reduce the strength
of TGFB feedback on stem cell self-renewal from ¥y = 1.0 to {9 =
0.5. When compared to the case with g = 1.0, the simulation re-
sults with reduced response to negative feedback have a greater
total area and shape factor, indicating the enhanced invasive po-
tential of such tumors (Fig. 6).

3.4. Therapy

Therapies targeting various aspects of the HGF/c-Met axis,
including antibodies against HGF and c-Met, HGF-competitive
analogs, tyrosine kinase inhibitors (TKIs) targeting c-Met, and
downstream pathway inhibitors are currently in development
(Blumenschein et al., 2012; Knudsen and Vande Woude, 2008).
Over 20 drugs are currently in Phase I-III clinical trials
(Cecchi et al., 2012), indicating strong interest by the biomed-
ical community in translating the accumulated knowledge of
the HGF/c-Met axis into cancer therapeutics. We model targeted
therapy by changing vy, the strength of c-Met auto-activation,
and Aqp,., the strength of HGF-induced c-Met activation, in
Egs. (20) and (21). Lowering Ay, . and Ay, . models drugs that act
by inhibiting HGF (class T;), while lowering v, represents drugs
that specifically disrupt c-Met auto-catalysis. Drugs that inhibit c-
Met or its downstream effectors lower both auto-catalysis rates
and the ability of HGF to upregulate c-Met products (class T;).
Therefore, activity of such drugs should be modeled by lower-
ing all three parameters. We model class T; and T, drugs as fol-
lows, at T =50 we apply either therapy Ty, which lowers Ay,
and Ay, from 0.5 to 0.05 or therapy T, which lowers A, . and
A2, t0 0.005 and vq from 1.0 to 0.1 (Fig. 7). We choose these
two therapies as they represent two different classes of drugs as
described above, and they also represent the two classes of ther-
apy results that were observed when both parameters were sys-
tematically lowered for high HGF (Figure S2). Therapy is applied
until the last time point, T = 150. We find that therapy class T;
results in decreased total area and shape factor, but it is the T,
class that results in a shape factor close to 1, indicating that the
invasive morphology has been significantly reduced along with to-
tal tumor size. It has been shown that very strong inhibition of
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c-Met phosphorylation (> 90%) is required for significant inhibi-
tion of tumor growth (> 50%) in a tumor Xenograft mouse model
(Yamazaki et al., 2008), which is consistent with our simulation
results. Additionally, we find that when therapy is terminated pre-
maturely, the tumor grows back rapidly (Figure S2), indicating that
ultimate tumor eradication requires combination therapy and/or
surgical resection alongside anti-HGF/c-Met drugs. We note that in
Yamazaki et al. (2008), mice were euthanized maximally 24 h after

the last therapy dose, which lasted between 9-11 days, hence it is
not known what the tumor behavior would have been for a longer
period after therapy cessation.

4. Discussion

By incorporating tumor-produced SGF and the HGF/c-Met axis
into a multispecies model of tumor growth, we have shown that



96 A. Konstorum, J.S. Lowengrub/Journal of Theoretical Biology 439 (2018) 86-99
(a) 25 (b) 500
-
20 1 400
300
Is 15 119
200
1 ] =5
0 100 —"a
v_=10
a
5 : : -

5 10 15 O 10 15 20 |—Va=15
© = ] 04 —v,=20
0.65  —_—

0.3\
0.6 1
< <
oE 0.55 1 %02
1S
0.5 1
0.1
0.45 ]
0.4 10 15 20 % 10 15 20

Ea

Ea

Fig. Al. Effect of increasing v, and E, in System (A.1) on (a) a, (b) b, (¢) Qmin» and (d) max(X), where a and b give stationary states for the system without diffusion, qy,;, is
the critical wavenumber for the system, and max (A) is the maximum eigenvalue of A;, where A, is taken as in Eq. (A.7) with q = qyjn.

establishment of a dynamic interaction between the tumor and its
microenvironment results in increased tumor growth and morpho-
logical instability, the latter due in part to increased cell-species
heterogeneity at the tumor-host boundary. Indeed, such a phe-
nomenon has been investigated by Cristini et al. (2005). Using both
experimental and simulation results, (Cristini et al., 2005) showed
that spatially heterogeneous cell proliferation, alongside disruption
of cell-cell adhesion, results in invasive fingering and migration of
cell clusters. In their model, the heterogeneity occurred due to het-
erogeneous distribution of oxygen, nutrients, and pH levels caused
by atypical tumor vasculature and other disruptions to diffusion in
the tumor. Similarly, in a hybrid cellular automata and PDE tumor
growth model, (Sottoriva et al., 2010) showed that a tumor that
has a 100% CSC fraction yields a sphere-like morphology whereas
tumors with low CSC fractions (in this model, CSCs differ from dif-
ferentiated cells, DCs, in that CSCs have unlimited replicative po-
tential, can migrate and mutate unlike the DCs), show invasive fin-
gering with highly irregular shape. In our model, the heterogene-
ity occurs due to formation of stem cell spots at the tumor-host
boundary via a Turing mechanism of c-Met and c-Met inhibitors.
This heterogeneity is exacerbated by the presence of HGF-SGF sig-
naling cross-talk since the effect of HGF on cell scatter results in
a more irregular spot distribution at the tumor-host boundary, and
the effect of HGF on proliferation/self-renewal increases the size of
the remaining spots. Thus, when the effect of HGF on cell scatter
is removed from the model, the tumor becomes more stable due
to a more uniform distribution of stem cell spots at the tumor-
host boundary, even though there are more such spots than in the
original model (Fig. 4). (Cristini et al., 2005) propose that suppres-
sion of morphologic instability via homogenization of cell prolifer-
ation and increase in cell-cell adhesion will result in a more com-
pact, noninvasive tumor morphology. Our therapy results support
their conclusions: when we block the HGF/c-Met axis sufficiently
enough to reduce the highly proliferative spot size, the tumor does
not only grow more slowly, but it grows in a more compact man-
ner (Fig. 7).

We find that invasive behavior is further increased if the tu-
mor lowers responsiveness to tumor-derived pro-differentiation

signals, which is a traditional hallmark of neoplastic development
(Hanahan and Weinberg, 2000). We have not addressed a por-
tion of the pleiotropic effects of TGFS that constitute the ‘TGFA
paradox’. Namely, our model does not consider that in certain
cases, TGFB can increase cellular motility, as well as hasten the
Epithelial-to-Mesenchymal Transition (EMT) of tumorigenic epithe-
lial cells (Pickup et al., 2013). Moreover, it has been found that in
advanced cancers, immune components and fibroblasts can pro-
duce TGFgB, which has tumor-promoting effects (Massagué, 2008).
In this study, we only model the anti-proliferative effects of TGFp,
with its production localized to terminal cells. Incorporation of the
tumor-promoting action of TGFS may be best done using a specific
cancer model and data, since such effects show greater diversity
among different cancers than the other growth factors modeled in
this study.

By modeling anti-HGF and anti-c-Met therapy, we show how
disruption of the HGF/c-Met cascade can lower tumor invasive-
ness and growth, thereby providing theoretical evidence that tar-
geting tumor-microenvironment dynamics is a promising avenue
for therapeutic development. An important consideration in clin-
ical development of anti-HGF/c-Met therapies is patient selection
and stratification. Studies on efficacy of HGF/c-Met targeted thera-
pies have consistently shown that patients with high c-Met expres-
sion levels respond best to these therapies (Graveel et al., 2013),
indicating that patient pre-selection based on tumor biomark-
ers of HGF/c-Met axis activation can improve therapy outcomes
(Blumenschein et al., 2012). As our model assumes c-Met as a main
driver in stem cell self-renewal and division rate, it is most directly
applicable to patients with high c-Met activity.

Many of our assumptions and results are based upon quantifi-
cation of specific features of the tumor and its microenvironment,
including the spatially-distributed stem cell fraction of the tumor,
and chemical diffusion, uptake, and activity coefficients. In order to
better align our model with experimental observations, it is nec-
essary to use an experimental system that is capable of recapit-
ulating and capturing some of the complexities of the tumor mi-
croenvironment. In their review of emerging technologies in this
field, (Guldner and Zhang, 2015) noted that new technology is nec-
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essary to explore the tumor microenvironment that incorporates
spatial and temporal dynamics of tumor-microenvironmental inter-
actions, and can measure cell-type specific behavior. They discuss
emerging technologies that can aide in this goal, including deep
tissue optical sectioning, intravital microscopy (IVM, the imaging of
live animal tissue), and in situ cell-type specific genetic isolation.
For example, Tanaka et al. (2012) used IVM in a liver metastatic
xenograft system where RFP-labeled human colorectal cells were
injected into GFP-expressing nude mice to obtain a time-series of
the phenotypic changes in tumor and host during liver metasta-
sis and with and without chemotherapy. In addition, development
of sophisticated 3D-culture systems where protein and drug dif-
fusion and uptake rates can be measured via techniques such as
FRAP or FLIM-FRET, which are already in use (Conway et al., 2014;
Talukdar and Kundu, 2012). Therefore, it is possible to construct an
appropriate experimental system to test the hypotheses generated
by our model regarding quantifiable tumor behavior with an acti-
vated HGF/c-Met axis, such as increased invasiveness and forma-
tion of areas with high stem-cell concentration at the tumor-host
boundary.
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Appendix A. Turing analysis of nonlinear activator-inhibitor
dynamics with additional forcing term

Al. Simplifed nonlinear activator-inhibitor model

In Egs. (18)-(22) (nondimensionalized in Egs. (27)-(31)), we
model the effect of HGF on c-Met activation using two parame-
ters, Ay, and Ay, .. To better understand how each parameter
affects pattern formation, we develop a simplified nonlinear model
of activator-inhibitor dynamics and perform a Turing analysis on it.
We begin with the system

2 2
a= va% — daa-i-Da%,
92b
ax2’
where a is the activator and b is the inhibitor, v, and v}, are the re-
spective production rates of a and b, and d; and dj, are the respec-
tive decay rates of a and b. This system represents A, . =0 and vq

(A1)
b = vbaz — dbb —+ Db

as linearly proportional to Ay, . Cycr. Taking fi(a,b) = va% —dqa
and f>(a,b) = v,,a2 —dpb, we find a stationary state without dif-
fusion for (A.1), i.e. we identify (a,b) = (@, b) such that (f;, f5) =
(0, 0). There is one solution,

(d, B) _ <dbl)a dbv(%).

da Vp ’ dg Vp

(A2)

We note that a is proportional to v4. Thus, we expect that if
A2, 18 negligible in the original system, then an increase in Ay,
should result in higher steady state c-Met concentration.

In order to simplify stability analysis of the system, we take
Dy, =1 and D, =25, analogous to nondimensionalized values for

the parameters Dy, and Dy, respectively. The Jacobian of the sys-
tem is

2avy,
af; a 12 /RK2
J=Uj = Bi = b d; va/b® . (A3)
u.l 2vba _db

Then, taking A = (a;;) =]J|; ;, we have

72
dqy vd”

A= (a;) = 2dyvq ; (A4)
dq b

In order for a and b to be stable in the absence of diffusion, we
must have

* a1y +0a3 <0,
* 110y —agpdy; > 0,

which occurs if dq —dp <0 and —dqdp, + 2dqd), = dod, > 0. Diffu-
sion will destabilize the system when the wavenumber, ¢, is near

1/a a
2 (%22 "
qmin - 2 ( D2 + D] ) (AS)
In our case, we obtain
1(-d
Gnin = [ 5 (25” + da) (A6)

We find that q,,;, does not depend on v,. Moreover, the growth
rate of perturbations to the steady state is given by the eigenvalues
of the matrix

an —Di¢? ap
A= . A7
I |: az az — D2g? ] (A7)
The eigenvalues of Aq are
)\,1,2 Z%(du — db — 26(]2
(A8)

+ \/ dZ — 6dqdy, + d? + 48d.q? + 48d,q? + 576q4>.

Importantly, the eigenvalues also do not depend on vg.

We can thus conclude that in an activator-inhibitor reaction of
this type, the steady state of a will be directly proportional to vy,
but pattern formation will not be influenced.

A2. Simplified nonlinear activator-inhibitor model with an additional
forcing term

We now introduce the additional term E; to system (A.1) to
represent non-trivial A, . as follows:

2 2
. a’ + E d%a
a=vg + ”—daa+DaW,

b
; 92b
b= vbaz — dbb + DbW

Taking f1(a,b) = vq angﬂ —dga and f,(a, b) = v,a® — dyb, there
is one real solution to the system (fj, f;) = (0.0), but it is un-
wieldy analytically. Therefore, we find (a, b), A, qmin, and eigen-
values of Aq for specific values of v, and E,. We take vq =
{5,10, 15,20} and E, = {5, 10, 15, 20}. We also take dy = d, = v =
1. We find the real-valued (&, b) using the ‘solve’ function in Mat-
lab for (fy, f,) = (0,0).

In Fig. A.1(a,b), we observe that while increasing v, leads to an
increase in both @ and b, the effect of E, on @ and b is much less
pronounced.

(A9)
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As before, we find A = (g;;), the Jacobian of the system (f1(q, b),
fra, b)) at (@,b) and vy, =dg =d, =1,

2v,a va(a? + Ey)

Ao -1 2= T
= b p2
2a -1

(A.10)

We note that for the values of v, and E, considered, the condi-
tions for stability of the system without diffusion (*) are satisfied.

We use Eq. (A.5) to calculate g, for discrete values of v, and
E, (Fig. A.1c). We note that q,;, decreases as E, increases, and this
decrease is stronger at lower values of v,. Moreover, taking Aq as in
Eq. (A.7), with g = q;;;n, the maximum eigenvalue decreases with
increasing E; and decreasing v, (Fig. A.1(d)).

Supplementary material

Supplementary material associated with this article can be
found, in the online version, at 10.1016/j.jtbi.2017.11.025.
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