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The Journal of Immunology

A Detailed Mathematical Model Predicts That Serial
Engagement of IgE–Fc«RI Complexes Can Enhance Syk
Activation in Mast Cells

Ambarish Nag,*,1 Michael I. Monine,*,2 Michael L. Blinov,† and Byron Goldstein*

The termserial engagementwas introduced todescribe theabilityof a singlepeptide,bound toaMHCmolecule, to sequentially interact

with TCRs within the contact region between a T cell and an APC. In addition to ligands on surfaces, soluble multivalent ligands can

serially engage cell surface receptorswith sites on the ligand, binding anddissociating fromreceptorsmany times before all ligand sites

becomefreeandthe ligand leaves the surface.Toevaluate theroleof serial engagement inSykactivation,weuseadetailedmathematical

model of the initial signaling cascade that is triggered when Fc«RI is aggregated on mast cells by multivalent Ags. Although serial

engagement is not required for mast cell signaling, it can influence the recruitment of Syk to the receptor and subsequent Syk

phosphorylation. Simulating the response ofmast cells to ligands that serially engage receptors at different rates shows that increasing

the rate of serial engagement by increasing the rate of dissociation of the ligand–receptor bond decreases Syk phosphorylation.

Increasing serial engagement by increasing the rate at which receptors are cross-linked (for example by increasing the forward rate

constant for cross-linking or increasing the valence of the ligand) increases Syk phosphorylation. When serial engagement enhances

Syk phosphorylation, it does so by partially reversing the effects of kinetic proofreading. Serial engagement rapidly returns receptors

that have dissociated from aggregates to new aggregates before the receptors have fully returned to their basal state. The Journal of

Immunology, 2010, 185: 3268–3276.

T
he terms serial triggering and serial engagement entered
the immunological lexicon when Valitutti et al. (1, 2)
reported that within the contact area between an APC and

a T cell, a few antigenic peptides bound toMHCmolecules (pMHCs)
mediated the internalization of hundreds of TCRs. Itoh et al. (3)
confirmed this result and showed that equating a pMHC engage-
ment with an internalized TCR undercounted the number of serial
engagements. They observed that TCR internalization closely fol-
lowed the extent of z-chain phosphorylation. Thus, pMHC–TCR
engagements that resulted in partial z-chain phosphorylation, but
not TCR internalization, were not counted.
The observation that TCRs undergo serial engagement, coupled

with thekinetic proofreadingmodel for cell signaling (4, 5), led to the
prediction that for T cell activation there should be an optimal range
of t1/2s for the pMHC–TCR bond (6). The basic idea of kinetic
proofreading is that for a TCR to become activated, it must remain

bound to a pMHC long enough for a set of biochemical mod-
ifications to occur. If the pMHC dissociates from the TCR before the
necessary modifications have been completed, signaling is frus-
trated and activation is not achieved. For a T cell to produce a
measurable response, multiple TCRs must be activated. Therefore,
at low pMHC density, a single pMHC must trigger many TCRs
before it diffuses out of the contact region. If the pMHC dissociates
too rapidly, it will encounter many TCRs but activate few, whereas if
it remains bound too long, it will activate those it encounters, but
encounters will be rare. The recognition that the pMHC–TCR bond
t1/2 has opposite effects on kinetic proofreading and serial engage-
ment led to the proposal that to achieve an optimal rate of TCR
activation, there should be an optimal t1/2, or equivalently an optimal
dissociation rate constant koff (6, 7). Although some studies have
found an optimal t1/2 for T cell activation (8–10), there are other
results that are inconsistent with this model (reviewed in Refs. 11
and 12). For example, TCRs have been engineered with high-affinity
TCR–pMHC interactions and long t1/2s so that their cognate pep-
tides undergo little serial engagement, yet these TCRs were effi-
ciently stimulated by these peptides (13, 14).
Although there has been a considerable effort to unravel the role

of serial engagement of TCRs in activating T cells, the role of se-
rial engagement of other multichain immune recognition receptors
in cell activation has received little attention. This is perhaps sur-
prising, because avidity, often a manifestation of serial engagement
and a property of soluble multivalent ligands, was introduced in
immunology .50 y ago to distinguish between the binding prop-
erties of an Ab and its monovalent Fab fragment (reviewed in Ref.
15). It was observed that an IgG, at low concentrations, could bind
to a surface containing multiple binding sites (epitopes) with an
apparent affinity that was orders of magnitude greater than the
equilibrium constant for binding of one of its Fab sites to an epitope
(16–18). Avidity arises when the density of surface binding sites
is sufficiently high that multivalent ligands are observed to disso-
ciate from the surface more slowly than their monovalent counter
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parts, thus exhibiting a high apparent affinity. When a site on a
doubly bound IgG dissociates, the epitope it was bound to will dif-
fuse away. If this newly freed site on the IgG binds to another
epitope before its second site dissociates, the IgG will remain bound
to the surface. Thus, avidity can arise by ligands serially engaging
epitopes, walking along the surface from epitope to epitope.
Avidity can arise in a second way that does not require serial

engagement. For example, cross-linking IgE–FcεRI complexes on
rat basophilic leukemia (RBL) cells with a highly multivalent Ag
leads to the rapid formation of large stable aggregates of immobi-
lized receptors (19, 20). This raises the possibility that a site on
a bound ligand can dissociate from, and rebind to, the same immo-
bilized receptor many times, effectively increasing its off-rate con-
stant, before all its sites on the ligand become free and the ligand
dissociates from the cell. Recent multicolor tracking experiments
show that small aggregates of IgE–FcεRI complexes, made up of
two to four receptors, remain mobile on the RBL surface even at
doses that result in degranulation (21).
A major difficulty in assessing the role of serial engagement of

receptors in cell signaling is that the phenomena cannot be studied in
isolation. As we will discuss, increasing the ligand’s forward cross-
linking rate constant, its reverse rate constant, or its valence will
increase the rate at which the ligand serial engages receptors, but
each of these manipulations will effect receptor activation in dif-
ferent ways. To assess the role of serial engagement in mast cell
signaling, we use a detailed mathematical model of the early events
triggered when IgE–FcεRI complexes are exposed to a bivalent or
trivalent ligand on RBL cells (22). Using this model will allow us to
delineate how different alterations in the binding properties of
the ligand, that result in the same rates of serial engagement of
receptors, can alter receptor activation in different ways.
Mast cell responses mediated by FcεRI are initiated when a mul-

tivalent ligand, an allergen for example, aggregates the receptors.
Maintenance of the response does not require that new aggregates
constantly form. Kent et al. (23) exposed RBL cells briefly to co-
valently cross-linked oligomers of IgE and then added excess mo-
nomeric IgE to prevent further aggregation of receptors. Under these
conditions, aggregated receptors continued to signal. Phosphoryla-
tion of the b and g ITAMs, phosphorylation of the protein tyrosine
kinase Syk, and the release of histamine-containing granules were
sustained for substantial lengths of time after new aggregate for-
mation was blocked. Although serial engagement of IgE–FcεRI
complexes is not necessary for mast cell signaling, there remains
the question: can serial engagement enhance mast cell response at
low allergen concentrations? After deriving an expression for the
rate at which a ligand of valence N serially engages receptors on
a surface, we will refine this question and then use the model of
Faeder et al. (22) to answer it.

Materials and Methods
Bivalent ligands

We use the model of Faeder et al. (22) to simulate the early response of
RBL cells to the addition of a reversible bivalent ligand that binds to, and
dimerizes, IgE–Fc complexes on RBL cell surfaces. The model consists of
a network of 354 distinct chemical species connected by 3680 chemical
reactions, 21 rate constants, and 3 concentrations, the surface concentrations
of FcεRI and available Lyn and the total concentration of Syk. With the
exception of the rate constants that describe the interaction of the bivalent
ligand with IgE, k+1, k21, k+2, and k22, the parameters used in the simu-
lations are the same as those given in Table I of Ref. (22). In the simulations,
we take koff = k21 = k22. A major simplification of the model is that multiple
tyrosines on receptor subunits and Syk are lumped into single units so that,
for example, ITAMs are either phosphorylated or not phosphorylated. The
concentrations of Lyn, Syk, and FcεRI are specific for RBL cells. The
interactions among the components of the model (the reaction rules) were
specified in the syntax of the second-generation version of BioNetGen,

which automatically generates the set of ordinary differential equations that
describe the network (24, 25). The open-source software (http://bionetgen.
org) uses standard numerical methods to solve the set of ordinary differential
equations and obtain the time courses for the 354 chemical species. The
outputs are the weighted sums of the appropriate chemical species. For
example, activated Syk is the sum of those chemical species that have
a single Syk phosphorylated by a Syk and bound to a g ITAM plus two times
the sum of those chemical species that are receptor dimers and contain two
such Syk molecules.

Trivalent ligands

We generalize the model of Faeder et al. (22) to simulate the early signaling
events triggered by the addition of a symmetric trivalent ligand with three
identical binding sites interactingwith IgE bound to FcεRI onRBL cells. There
is now an additional surface cross-linking reaction involving a trivalent ligand
with two of its sites bound cross-linking a third IgE–FcεRI describe by rate
constants k23 and k+3. In the simulations, we take koff = k21 = k22 = k23 and
k+2 = k+3. It is assumed that a Lyn bound to a receptor can randomly trans-
phosphorylate any other receptor in the aggregatewith the same rates, as it was
assumed for the dimeric aggregate. To go from a dimer with two identical
binding sites to a trimerwith three identical binding sites requires only changing
one rule in the BioNetGen input file, the rule that defines the stoichiometry of
the ligand and its binding from solution to a receptor on the cell surface. In the
model, kinases act on all substrates in their vicinity. The kinase activity in an
aggregate is summed so, for example, if three Syk molecules are in an aggre-
gate, the rate of phosphorylation of a Syk by the two adjacent Syk is twice the
rate of phosphorylation as when only two Syk molecules are in the aggregate.
The BioNetGen files for the dimer and trimer are given in the Supplementary
Material. For the trivalent ligand, the model expands to 2954 distinct chemical
species connected by 49,948 reactions.

Results
First, we obtain an expression for the rate of serial engagement of
a multivalent ligand of valence N binding to free mobile receptors
on a cell surface that has a concentration of R free receptors. This
expression allows us to choose parameter values that define ligands
with different rates of serial engagement. We then use these parame-
ter values to simulate the early response of mast cells to ligands that
serial engage receptors at different rates. We use, as our measure of
signaling response, receptors that have fully activated Syk associated
with their g ITAMs. Syk becomes partially active upon binding
through its two Src homology 2 domains to the doubly phosphory-
lated g ITAM (26). In our model, Syk is partially active when bound
to the g ITAM and fully active when it has been transphosphorylated
on its activation loop tyrosines by a second Syk (reviewed in Ref. 22).
Finally, we use the results of the simulations to evaluate the role of
serial engagement in early responses of mast cell signaling.

Serial engagement of a N-valent ligand

The rate of serial engagement equals the number of receptors the
ligand encounters from the time, ta, it forms its first attachment to
a cell surface receptor until the time, tb, its last bond breaks, divided
by the time this process lasted, tb — ta. Fig. 1 illustrates the reac-
tions a pentavalent ligand can undergo once it is initially bound to
a receptor on a surface.

FIGURE 1. The multiple reactions that a ligand of valence five (N = 5)

can undergo from the time it first binds a cell surface receptor until the last

ligand–receptor bond breaks and the ligand leaves the surface. R is the

concentration of free receptors. In these reactions, k+2 is the single-site rate

constant for addition of a receptor to a ligand–receptor complex, and koff is

the corresponding reverse rate constant. By taking all of the forward and

reverse rate constants to be the same, we have assumed that these rate

constants are independent of the bound state of the ligand.
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The mean time an N-valent ligand, that initially has one site
bound to a receptor, remains on a surface, when the concentration
of free receptors is R, is (27, 28):

tN ¼ 1

koff

"
ð1þK2RÞN 2 1

NK2R

#
; ð1Þ

in which K2 = k+2 /koff is the equilibrium cross-linking constant.
In the Appendix, we derive the following expression for nN, the

mean number of receptors an N-valent ligand that initially has one
site bound to a receptor serial engages before it dissociates from
the cell surface:

nN ¼ +
N

j¼2

ðK2RÞj2 1 ðN2 1Þ!
ðj2 1Þ!ðN 2 jÞ!: ð2Þ

The average rate, rN, an N-valent ligand serially engages
receptors is

rN ¼ nN=tN: ð3Þ
In Table I, we evaluate these expressions for n = 1, 2, 3, 4, and 5

and K2R = 0.10, 1.0, and 10.0. The parameter K2R is the product
of the surface equilibrium cross-linking constant and the surface
concentration of free receptors. Larger values of K2R favor aggre-
gate formation. Note that for large values of K2R, as the valence is
increased, the number of serial engagements and the mean time the
ligand remains bound to the cell rises rapidly, but their ratio, the rate
of serial engagement, increases only modestly. From Equations 1–
3, it can be shown that the maximal rate of serial engagement
achievable by an N-valent ligand when koff is fixed and k+2R is
increased is Nkoff. When k+2R is fixed and koff is increased, the
maximal rate is k+2R.

The rates of serial engagement of receptors for bivalent and
trivalent ligands

We now focus on bivalent and trivalent ligands interacting with
monovalent receptors. From Equations 1–3, we have that the rate
of serial engagement of a bivalent ligand is

r2 ¼ 2koff
K2R

2þK2R
: ð4Þ

A second way this result can be obtained is to note that one
receptor is bound and released by a bivalent ligand in one cycle
time tc so that r2 = 1/tc. The cycle time is the sum of the mean
times for a site on a doubly bound ligand to open and for the
singly bound ligand to bind to another receptor [i.e., tc = 1/(2koff)
+ 1/(k+2R)]. [When the ligand is a pMHC rather than a bivalent
ligand, the factor of two on the right hand side of Equation (4)

becomes a one (29).] This simple approach for calculating r2
cannot easily be generalized to ligands with valence .2, because
for these ligands, there is .1 recycling time.
From Equations 1–3, we obtain the following expression for the

rate of serial engagement of trivalent ligand:

r3 ¼ 3koff
2K2Rþ ðK2RÞ2

3þ 3K2Rþ ðK2RÞ2: ð5Þ

It is easy to see from these expressions that for large values of
K2R, the rate of serial engagement approaches its maximal value
of Nkoff . We use Equations 4 and 5 to pick the parameter values
that characterize the ligands for our simulations.
There are three separate ways to vary the properties of a ligand to

enhance serial engagement: increase koff, increase k+2, or increase
the valence of the ligand.
1. Increasing koff increases the rate at which the ligand serial

engages receptors, but this has the deleterious effect of enhancing
kinetic proofreading by reducing the time a receptor remains in an
aggregate. Once a receptor leaves an aggregate, unless it can rap-
idly enter into a new aggregate, all modifications it has undergone
will be reversed, and it will return to its basal state (30, 31).
2. Increasing k+2 reduces the time it takes a free site on a ligand

in a ligand–receptor complex to bind to a new receptor. This
enhances the effects of serial engagement by making it more likely
that a ligand–receptor complex will form a new dimer before the
ligand dissociates and the receptor returns to its basal state.
3. Increasing the valence of the ligand has a similar effect to

increasing the forward rate constant. For an N-valent ligand bound
through a single site to a receptor, the forward rate of binding
a second receptor and forming a dimer is proportional to (N 2 1)
k+2. However, increasing the valence introduces other effects as
well. A higher valent ligand can form larger aggregates and large
aggregates are more effective at signaling than smaller aggre-
gates, even when the ligands are oligomers of IgE that do not un-
dergo serial engagement (32). In RBL cells, Lyn, the kinase that
is responsible for ITAM phosphorylation, is limiting (33, 34).
Therefore, larger aggregates have a higher probability than recep-
tor dimers of containing a receptor associated with Lyn, and a Lyn
in an aggregate can serial phosphorylate all its neighboring re-
ceptors in the aggregate.

Simulations of mast cell responses to bivalent and trivalent
ligands for different rates of serial engagement

We use the model of Faeder et al. (22) to assess the role of serial
engagement in mast cell signaling (seeMaterials and Methods). The
predicted outputs of the model that we use in our study are the
concentrations (number per cell) of the phosphorylated b and g

ITAMs of FcεRI, and the concentration of Syk bound to a phos-
phorylated g ITAM and transphosphorylated on its activation loop

Table I. The influence of the parameter K2R (the product of the equilibrium cross-linking constant and
the free receptor concentration) on the mean time an N-valent ligand remains bound to the surface (tN), the
mean number of receptors the ligand engages while it remains bound to the surface (nN), and the rate the
ligand serial engages reptors (rN)

N

K2R = 0.1 K2R = 1.0 K2R = 10.0

koff tN nN rNk
2 1
off koff tN nN rNk

2 1
off koff tN nN rNk

2 1
off

2 1.05 0.10 0.095 1.50 1.00 0.67 6.00 10.0 1.67
3 1.10 0.21 0.190 2.33 3.00 1.29 44.33 120.00 2.71
4 1.16 0.33 0.285 3.75 7.00 1.87 366.00 1330.00 3.63
5 1.22 0.46 0.380 6.20 15.00 2.42 3221.00 14640.00 4.55

Increasing K2R increases the rate at which a ligand cross-links a receptor compared with the rate at which a receptor
dissociates from the ligand.
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tyrosines by a Syk bound to an adjacent receptor. We refer to Syk
bound to the g ITAM and phosphorylated on its activation loop tyro-
sines as fully activated Syk or phosphorylated Syk. Using Abs spe-
cific for phosphorylated tyrosines in the activation loop of Syk, it has
been shown that upon FcεRI aggregation, these tyrosines phos-
phorylated, and this phosphorylation depended on the kinase activity
of Syk (35). The presence of these activation loop tyrosines is nec-
essary for Syk-mediated propagation of FcεRI signaling (36).

Increasing serial engagement by increasing koff reduces Syk
activation

In Fig. 2, we compare the predicted levels of b and g ITAM phos-
phorylation and full Syk activation induced by four different hy-
pothetical ligands, two bivalent (circles) and two trivalent (squares),
that have the same single-site forward rate constants k+2 = 2.0 3
10211 cm2/s. (In the simulations, we take the surface area of the

cell A = 8 3 1026 cm2 and the total number of receptors per cell
NT = 4 3 105 so that the receptor density RT = 5 3 1010 cm22.
Therefore, at low ligand concentrations when most of the recep-
tors are free so that R � RT, the rate at which a bound ligand with
one site free cross-links a receptor is k+2R = 1.0 s21.) Each pair of
bivalent and trivalent ligands have dissociation rate constants koff =
0.01 s21 (Fig. 2, solid lines and symbols) and 10 s21 (Fig. 2, dashed
lines and open symbols). For the dimers, increasing koff from
0.01 s21 to 10 s21 corresponds to increasing the rate of serial en-
gagement from r2 = 0.017 s21 to 0.10 s21 (Equation 4), whereas for
the trimer, the increase is from r3 = 0.027 s21 to 0.20 s21 (Equa-
tion 5). In addition to increasing the rate of serial engagement, in-
creasing koff reduces the lifetime of the bond between a site on the
ligand and a receptor site and thus increases the effects of kinetic
proofreading (4). As previously discussed (22), to equalize the
comparison, the levels of phosphorylation are plotted as a function
of the number of receptors in aggregates. Fig. 2A shows the ligand
concentrations needed to achieve the same level of receptor aggre-
gation for the different ligands. As koff is increased while keeping
k+2RT fixed, for both bivalent and trivalent ligands, a higher ligand
concentration is required to yield the same number of aggregated re-
ceptors, because the rate at which the receptor cross-link is broken is
enhanced, whereas the rate at which the cross-links form remains
unaltered. In Fig. 2D, we see that as the lifetime of a receptor in an
aggregate is decreased (i.e., koff is increased), full Syk activation is
dramatically reduced for both bivalent and trivalent ligands. Kinetic
proofreading dominates any positive effects serial engagement may
have on Syk activation. This result is similar to that seen in ex-
periments using fast and slowly dissociating multivalent ligands that
aggregate IgE on RBL cells (37).
Fig. 2B and 2C show that the proximal signaling events b and g

ITAM phosphorylation, compared with Syk phosphorylation, are
effected less by the changes in the ligand–receptor complex life-
time as expected from a kinetic proofreading model (4). The re-
duction in Syk phosphorylation is pronounced because it is much
further down the signaling cascade than phosphorylation of the
receptor g-chain. A number of reversible steps must occur to go
from g-chain phosphorylation to Syk phosphorylation. A Syk
molecule must first bind to a phosphorylated g-chain before it is
dephosphorylated. For transphosphorylation to occur, a second Syk
molecule must bind, which requires a second g-chain to be phos-
phorylated in the same aggregate. Finally, transphoshorylation
among the Syk molecules must occur before either of the Syk
molecules dissociates.

Increasing serial engagement by increasing k+2 increases Syk
activation

In Fig. 3, we compare the levels of b and g ITAM phosphorylation
and full Syk activation induced by four different hypothetical
ligands, two bivalent (circles) and two trivalent (squares), that have
the same dissociation rate constant koff = 0.1 s21 and different
surface cross-linking constants. Each pair of bivalent and trivalent
ligands have surface cross-linking constants such that k+2RT = 0.1
s21 (Fig. 3, solid lines and open symbols) and 100 s21 (Fig. 3,
dashed lines and closed symbols). As in Fig. 2, we compare ligands
at different concentrations that result in the same number of
receptors being in aggregates at equilibrium. Because koff is fixed,
the lifetime of a receptor in an aggregate is the same for all four
ligands. As k+2RT is increased from 0.1 s21 to 100 s21, the rate of
serial engagement for the bivalent ligand increases from 0.067 s21

to 0.20 s21 (Equation 4) and for the trivalent ligand from 0.13 s21 to
0.30 s21 (Equation 5). These rates of serial engagement were cal-
culated for low ligand concentrations, when R � RT and k+2R �
k+2RT. We see that the simulations predict that increasing the rate

FIGURE 2. Simulation of the effects of increasing the rate of serial en-

gagement of bivalent and trivalent ligand by increasing the ligand-receptor

dissociation constant, koff. The four curves correspond to k+2RT = 1.0 s21 and

bivalent (circles) and trivalent (squares) ligands with koff = 0.01 s21 (solid

lines and symbols) and 10 s21 (dashed lines and open symbols). The addi-

tional parameters used in the simulations are given in Table I of Ref (22). The

x-axis indicates levels of FcεRI aggregation, given as the number of receptors

per cell in aggregates. One percent of the cell’s receptors in aggregates

correspond to 43 103 receptors.A, Free ligand concentrations corresponding

to specified levels of receptor aggregation. B–D are, respectively, the pre-

dicted number of receptors per cell with the b-ITAM phosphorylated, the

g-ITAM phosphorylated, and Syk bound to the phosphorylated g-ITAM and

transphosphorylated on its activation loop by another Syk.

The Journal of Immunology 3271
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of serial engagement while holding koff fixed has a minor effect on
receptor phosphorylation (Fig. 3B, 3C) but a more pronounced
effect on the phosphorylation of Syk by Syk (i.e., on full Syk ac-
tivation) (Fig. 3D).

Increasing the valence of a ligand increases Syk activation,
partly as a result of increased serial engagement

From Equations 4 and 5, we can calculate the increase in the rate of
serial engagement as a result of increasing the valence of a ligand
from two to three while keeping its rate constants unchanged. The
factor by which the rate of serial engagement increases, r3/r2,
depends only on the parameter k+2R, and monotonically decreases
from 2 to 3/2 as k+2R increases from zero to infinity. In Fig. 4, as in
Fig. 3, we compare the predicted full Syk activation from simu-
lations where the stimulating ligand is either bivalent (circles) or
trivalent (squares), the rate of serial engagement is varied by
varying k+2, and for both ligands, the lifetime of a receptor bound
to a ligand is the same, 10 s (koff = 0.10 s21). The range over which

the rate of serial engagement varies in Fig. 4 corresponds to k+2
R = 0.01 — 100 s21. In Fig. 4A, the two top curves and two bot-
tom curves correspond to 1000 and 100 receptors per cell in ag-
gregates. For the same rate of serial engagement and the same num-
ber of receptors in aggregates, the model predicts that the trivalent
ligand is more effective than the bivalent ligand at activating Syk.
In Fig. 4B, we replot the simulations for the upper two curves in

Fig. 4A. To illustrate how we can assess the contribution of serial
engagement in enhancing Syk phosphorylation by Syk when the
valence is increased, we consider the point labeled 1 on the Syk
activation curve for the bivalent ligand in Fig. 4B. This point cor-
responds to the serial engagement rate for a bivalent ligand with
k+2R = 0.01 s21 and koff = 0.10 s21. When the valence is increased
from two to threewith the rate constants unchanged, the rate of serial
engagement for the trimer increases above that of the dimer to the
point on the trivalent ligand curve labeled 2.We see that therewould
be an increase in Syk phosphorylation by Syk for a trivalent ligand
even if there were no increase in the rate of serial engagement. This
is indicated by the difference B 2 A on the y-axis and is a result of
effects other than serial engagement. The increase in Syk activation
that is attributable to the increase in serial engagement is indicated
by the difference C 2 B on the y-axis, which can be substantial.
Lyn is strongly regulated by Cbp and Csk (38, 39) on RBL cells,

and, as a result, the amount of Lyn available to the receptor is in
short supply (33, 34). Although Lyn regulation is not in the model,
the Lyn concentration is chosen so that Lyn is limiting with re-
spect to availability to the receptor. In the model, in the absence of
ligand, ,5% of the receptors are associated with Lyn, which is

FIGURE 3. Simulation of the effects of increasing the rate of serial en-

gagement of bivalent and trivalent ligand by increasing the rate of cross-

linking, k+2R. The four curves correspond to koff = 0.1 s21 and bivalent

(circles) and trivalent (squares) ligands with k+2R = 0.1 s21 (solid lines and

open symbols) and 100 s21 (dashed lines and closed symbols). All other

parameters are the same as in Fig. 2. The x-axis indicates levels of FcεRI
aggregation, given as the number of receptors per cell in aggregates. A, Free

ligand concentrations corresponding to specified levels of receptor aggre-

gation. B–D are, respectively, the predicted number of receptors per cell

with the b-ITAM phosphorylated, the g-ITAM phosphorylated, and Syk

bound to the g-ITAM and transphosphorylated by Syk on its activation loop.

FIGURE 4. Predicted number of activated Syk (Syk transphosphorylated

by Syk) as a function of the rate of serial engagement. A, The circles refer to

bivalent ligand simulations and the squares to trivalent ligand simulations.

Open and solid symbols refer to 1000 and 100 receptors in aggregates,

respectively. B, Replot of the bivalent and trivalent curves in A for 1000

receptors in aggregates. The symbol 1 corresponds to a dimer with k+2R =

0.01 s21 and koff = 0.10 s21. The symbol 2 corresponds to a trimer with the

same rate constants. A equals 100, B equals 161, and C equals 290 fully

activated Syk per cell. The net increase in activated Syk (C2 A) is 190 Syk/

cell, of which C 2 B = 129 Syk/cell can be attributed to serial engagement.
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consistent with the observations of Yamashita et al. (40). Upon ag-
gregation, large receptor aggregates are more likely to contain a Lyn
than small receptor aggregates, and once a Lyn is in an aggregate, it
can transphosphorylate all receptors in its proximity. It is these
effects that the model captures when the valence of the ligand is
increased from two to three and that account for the increase in
Syk phosphorylation that is not a result of serial engagement. We
investigate this further by considering ligands that cannot serial
engage receptors.

Serial engagement is not necessary for Syk activation

Although the aggregation of FcεRI is an absolute requirement for
mast cell signaling mediated by FcεRI, serial engagement is not,
as has been demonstrated using oligomers of IgE (23). As a test of
our model (22), we have carried out simulations for bivalent and
trivalent oligomers of IgE, taking the dissociation rate constant
koff = 0, which ensures that there is no serial engagement. [Be-
cause the t1/2 for dissociation of an IgE–Fcε complex is close to
a day (41), this is an excellent approximation in simulating
experiments that last a few hours or less.] The predicted results for
g-phosphorylation and Syk activation for IgE dimers and trimers
at 1 h are shown in Fig. 5A and 5B. These results are compared
with histamine release dose-response curves for RBL-2H3 cells
exposed to IgE oligomers for 1 h. Because of the slow forward
rate constant for IgE binding to FcεRI (42), equilibrium is ach-
ieved at 1 h only for IgE concentrations .∼5 mg/ml. The simu-
lations indicate that to achieve measureable histamine release
from RBL cells requires the activation of substantial numbers of
Syk molecules. For example, the simulations predict that 10%

histamine release with trivalent ligands, which is ∼25% of max-
imal release, occurs when ∼10,000 Syk are fully activated.

Discussion
When surface densities of receptors are sufficiently high, multi-
valent ligands can bind to cell surfaces and serial engage numerous
receptors before dissociating (i.e., before all of the ligand’s binding
sites are simultaneously free).
Even with a valence as low as two, a ligand can engage multiple

receptors from the time it first attaches to the surface until the time
it dissociates (see Table I). A single ligand binding site may bind
a receptor, dissociate from it, and repeat the cycle with a new
receptor multiple times before the ligand leaves the surface. Using
a detailed mathematical model, we have investigated the role of
serial engagement of FcεRI in mast cell signaling. The model was
originally developed for oligomers of IgE binding to FcεRI on the
surface of RBL cells (22). For multivalent ligands binding re-
versibly to IgE–FcεRI complexes, the model applies when IgE
acts as a monovalent receptor. We use the model for multivalent
ligands at low concentration, when the binding of two ligands to
one IgE is negligible, and the concentration of free receptors is
high so that serial engagement is favored. The model includes the
binding and cross-linking reactions between a bivalent or trivalent
ligand and an IgE–FcεRI complex, the reactions among the sub-
units of FcεRI, Lyn, and Syk, and phosphatases that are not ex-
plicitly included in the model but are assumed to be present in the
background and that rapidly dephosphorylate unprotected phos-
photyrosines. Previously (22), the concentrations of all the com-
ponents of the model in RBL cells were determined. All of the
parameters of the model were either directly measured or esti-
mated based on fits of model predictions to experiment. The
model was shown to be consistent with a variety of experimental
data in which RBL cells were exposed to covalently cross-linked
dimers of IgE including the kinetics of receptor subunit phos-
phorylation and Syk phosphorylation. The model was also con-
sistent with dephosphorylation experiments (30, 31) in which
RBL cells, sensitized with IgE, were first exposed to a multivalent
ligand and then receptor aggregates were broken up with the ad-
dition of excess monovalent hapten. It is well suited to investigate
the role of serial engagement in the early cell signaling events
initiated when RBL cells, sensitized with monoclonal IgE, are
exposed to low concentrations of multivalent ligand that can ag-
gregate the IgE into small aggregates of size two or three.
A basic assumption of the model is that when a ligand is bound

to .1 receptor and a bond opens, the freed receptor diffuses away
before the site on the ligand can rebind to it. This is a reasonable
assumption as long as receptors remain mobile on the cell surface.
OnRBL cells, receptors in small aggregates remainmobile (21), but
receptors in large aggregates do not (19, 20). When receptors are
immobile, we expect serial engagement to bemarkedly reduced and
have little effect on cell signaling. We have only considered the case
when receptors remain mobile on the RBL surface and results do not
apply to large aggregates where receptors are immobile. The ex-
pressionwe have derived for the rate of serial engagement for a ligand
of valence N, Equation 3, holds only when receptors are mobile.
We considered three ways in which serial engagement could be

increased: by increasing the rate at which a ligand binding site dis-
sociates from a receptor; by increasing the rate at which a free site on
a ligand that is bound to a receptor can cross-link a new receptor; and
by increasing the valence of the ligand. We took as our measure of
signaling response the predicted number of Syk per cell that were
bound to phosphorylated g-ITAMs and that were phosphorylated on
their activation loop tyrosines. In the model, this phosphorylation
arises through Syk transphosphorylation and requires that at least

FIGURE 5. Predicted g and Syk phosphorylation and measured RBL-

2H3 cell degranulation for dimeric and trimer oligomers of IgE. In A and

B, the circles refer to IgE dimer simulations and the squares to IgE trimer

simulations. The rate constants characterizing the oligomers are taken to

be koff = 0 s21, k+1 = 8 3 104 M21 s21, and k+2 RT = 100 s21. The

simulations correspond to exposure of the ligands to RBL-2H3 cells for 1

h. C, Experimentally determined degranulation of RBL-2H3 cells after 1 h

of exposure to either dimers or trimers of IgE (32).
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two Syk molecules are present, each bound to a different receptor in
the aggregate, for the phosphorylation to occur. Model simulations
showed that increasing the rate of serial engagement by increasing the
rate of dissociation reduced the concentration of activated Syk (Fig.
2D). Increasing the rate of dissociation of a ligand–receptor bond
decreases the lifetime of a receptor in an aggregate and increases the
effect of kinetic proofreading. The further down the signaling path-
way an event occurs, the more pronounced are the effects of kinetic
proofreading on the event, as can be seen by comparing the predicted
g-chain phosphorylation (Fig. 2C) with the predicted Syk phos-
phorylation (Fig. 2D). Whatever positive effects serial engagement
has on signaling are outweighed by kinetic proofreading when the
lifetime of the ligand–receptor bond is decreased (4, 37).
Simulations predict that increasing the rate at which cross-linking

occurs, although keeping the lifetime of the bond between a ligand
site and receptor constant so as not to enhance kinetic proofreading,
increases Syk activation. In Fig. 4A, a single curve corresponds to
a series of bivalent or trivalent ligands with increasing rates of serial
engagement achieved by increasing their forward rate constants for
cross-linking. The ligands have the same dissociation rate constants,
and their concentrations have been chosen so that they aggregate the
same number of receptors on the cell surface, yet the faster the
ligands are able to serial engage receptors, the more Syk they are
able to activate. This raises the question, why should serial engage-
ment matter if the lifetime of a receptor in an aggregate is the same
and the number of receptors in aggregates is as well? The expla-
nation we favor is that serial engagement can partially nullify the
effects of kinetic proofreading by allowing receptors that have dis-
sociated from an aggregate to enter new aggregates before they fully
return to their basal state. Previously, we estimated that when a re-
ceptor leaves an aggregate, its unprotected phosphotyrosines are
dephosphorylated in ,1 s, and any Syk or Lyn that is bound to
phosphorylated ITAMS dissociates with t1/2 of the order of 10215 s
(22). Even within an aggregate, phosphorylation and dephosphor-
ylation is constantly occurring (23). If a receptor can enter into a
new aggregate before all the modifications it has undergone have
been reversed, full activation of Syk will be more efficient. As de-
picted in Fig. 6 for a bivalent ligand, at low ligand concentration,
a receptor that remains bound to a ligand when an aggregate breaks
up is much more likely to quickly enter into a new aggregate than
a receptor with its binding site free, provided the rate for cross-
linking a new receptor is equal to or faster than the rate of dissoci-
ation of the ligand-receptor bond (i.e., k+2R $ koff), or equivalently
K2R $ 1. Even when this condition on the rate constants is met,
serial engagement can only partially reduce the effects of kinetic

proofreading because free receptors that leave an aggregate will
most likely return to the basal state before they form new aggregates.
Themodel alsopredicts that increasing thevalenceofa ligandfrom

two to three,while keeping the rate constants the same, increases Syk
activation (Fig. 4). The expressions we have derived for the rates of
serial engagement of dimers and trimers, Equations 4 and 5, show
that increasing the valence, although keeping all other quantities
fixed, increases the rate of serial engagement. However, the pre-
dicted increase in Syk activation is not solely due to the increase in
serial engagement. Both the experiment (32) and the model pre-
dictions (Fig. 5) indicate that trimeric oligomers of IgE are more
effective than dimers at activating RBL cells, even though these
ligands cannot serial engage receptors. This is because Lyn is lim-
iting in RBL cells with most receptors not associated with a Lyn (40,
33, 34). Large aggregates are more likely than small aggregates to
have a Lyn bound to a receptor in the aggregate and initiate sig-
naling. Further, the larger the aggregate, the higher is the number of
receptors that can be phosphorylated by a single Lyn. Serial en-
gagement can enhance this signaling. We have estimated the addi-
tional contribution to Syk activation that the increase in serial
engagement makes when a trivalent ligand is substituted for a bi-
valent ligand and shown that it can be substantial (Fig. 4B).
Ligand-induced receptor aggregation initiates a chemical cascade

that involves chemical reactions that build and use transient molecu-
lar scaffolds. Upon aggregation of FcεRI on mast cells, the cyto-
plasmic domains of the receptor become sites for the coalescence of
the kinases Lyn and Syk, with Syk undergoing rapid phosphory-
lation. However, the structures formed around the cytoplasmic do-
mains of the receptor, as well as other scaffolding proteins, are
ephemeral, with components going on and off rapidly. How suc-
cessful this construction will be depends on the lifetime of a re-
ceptor in an aggregate. If the lifetime is too short, most of the
chemical cascades that are initiated will not go to completion, and
signaling will be dampened or completely prevented. This is the
idea behind kinetic proofreading (reviewed in Ref. 5), introduced in
the context of cell signaling by McKeithan (4), and kinetic proof-
reading has highlighted the role of the pMHC–TCR bond dissoci-
ation rate constant in T cell signaling.We have used a mathematical
model of the initial steps in the chemical cascade triggered by
FcεRI aggregation on mast cells to investigate the role of serial
engagement in signaling and shown that for a series of ligands with
the same dissociation rate constant, increasing the forward rate
constant for cross-linking, or increasing the ligand valence in-
creases serial engagement and Syk activation. Serial engagement is
able to partially reverse the effects of kinetic proofreading and
enhance mast cell signaling.

Appendix
We derive an expression for nN, the average number of receptors an
N-valent ligand, which initially has one site bound to a receptor,
serial engages before it dissociates from the cell surface. We consider
a cell with monovalent receptors on its surface that is in equi-
librium with a homogeneous concentration of N-valent ligands. At
equilibrium, there is a distribution of bound ligands, some with one
site bound, some with two sites bound, up to some with N sites
bound. We consider an ensemble of N-valent ligands that at t =
0 have one and only one site bound to a receptor. We let Bi(t) be the
fraction of these ligands that have i sites bound at time t or equiva-
lently, the probability that a ligand has i sites bound at time t when
initially it had one site bound. We keep tract of the number of re-
ceptors a ligand serial engages by keeping track of how many re-
ceptors dissociate from a ligand until the ligand leaves the cell sur-
face. Because the rate at which a receptor dissociates from a ligand
with i sites bound is ikoff, the average number of receptors a ligand

FIGURE 6. At low ligand concentration, when most receptors are un-

bound, a receptor–ligand complex that dissociates from an aggregate (1)

can rapidly enter a new aggregate (2), provided that the rate of cross-linking

is greater than the rate of dissociation of its ligand–receptor bond. If this is

not the case, the ligand–receptor complex will be rapidly converted to a free

receptor, reducing its chance of quickly finding a binding partner.
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will serial engage from the time it binds to the cell until the time it
leaves the cell is:

nN ¼ koff

Z ‘

0

ð2B2ðt9Þ þ 3B3ðt9Þ×××þNBNðt9ÞÞdt9: ð6Þ

Before solving the general problem, we illustrate our approach
by finding the number of receptors a bivalent ligand serial engages
during its time on the cell surface.
The equilibrium concentration of free receptors is represented by

R. For a bivalent ligand, we have the following set of ordinary
differential equations:

dB1

dt
¼ 2koffB1 2 kþ2RB1 þ 2koffB2; and ð7Þ

dB2

dt
¼ kþ2RB1 2 2koffB2: ð8Þ

The initial conditions are that B1 = 1 and B2 = 0.
The average number of receptors a bivalent ligand engages

during its time on the cell surface is:

n2 ¼ 2koff

Z ‘

0

B2ðt9Þdt9: ð9Þ

As is standard, we use Laplace transforms (LT), to transform the
problem into solving a set of algebraic equations, taking s to be the
transform variable and �BiðsÞ ¼ LT ½BiðtÞ�. Note that

nN ¼ lims→0koffð2 �B2ðsÞ þ 3 �B3ðsÞ⋯þN �BNðsÞÞ: ð10Þ

This follows because the LT ofZ t

0

fðuÞdu ¼ �fðsÞ=s and

limt→‘gðtÞ ¼ lims→0s�gðsÞ: ð11Þ

Taking LT of both sides of Equations 7 and 8, we have

s �B1 2B1ð0Þ ¼ 2 koff �B1 2 kþ2R �B1 þ 2koff �B2

s �B2 ¼ kþ2R �B1 2 2koff �B2:

We can take the limit before we solve the equations. Setting
s = 0, k = k+2R/koff = K2R and B1(0)=1,

1=koff ¼ ð1þ kÞ �B1 2 2 �B2

0 ¼ k �B1 2 2 �B2:

Solving, we have that �B2 ¼ k=ð2koffÞ
n2 ¼ lims→0koff2 �B2ðsÞ ¼ k ¼ K2R: ð12Þ

For a ligand with valence N,

dBi

dt
¼ ðiþ 1ÞkoffBiþ1 þ ðN2 iþ 1Þkþ2RBi2 1 2 ikoffBi

2 ðN2 iÞkþ2RBi;

ð13Þ

Bi can appear through dissociation of a receptor from any of
i+1 receptor-occupied sites of Bi+1, which correspond to a term
(i + 1)koff Bi+1; through engaging of a receptor by any of (N2

(i 2 1)) free sites of Bi21, which corresponds to a term (N 2
i +1)k+2RBi21. Bi can disappear by losing a receptor from any
of its i receptor-bound sites and by adding a receptor to any
of (N2i) free sites, which corresponds to subtraction of terms
ikoffBi and (N2i)k+2RBi, respectively.
Putting k = k+2R/koff, t = kofft, B0 = BN+1 = 0, and collecting

terms,

dBi

dt
¼ ðiþ 1ÞBiþ1 2 ðiþ kðN2 iÞÞBi

þ kðN2 iþ 1ÞBi2 1; i ¼ 1;…; N: ð14Þ

Note that B0 = BN+1 = 0 implies that the corresponding Laplace
transforms �B0 ¼ �BNþ1 ¼ 0.

As before, taking LT and setting the transform variable equal to
zero, we obtain

2 1 ¼ 2 �B2 2 ð1þ kðN2 1ÞÞ �B1

 0 ¼ 3 �B3 2 ð2þ kðN2 2ÞÞ �B2 þ ðN 2 1Þk �B1

 0 ¼ 4 �B4 2 ð3þ kðN2 3ÞÞ �B3 þ ðN 2 2Þk �B2

 ⋮
0 ¼ 2N �BN þ k �BN21:

First, we solve this system of equations for �B1by summing all
the equations:

2 1 ¼ +
N

i¼1

ððiþ 1Þ �Biþ1 2 ðiþ kðN 2 iÞÞ �Bi

þ kðN2 iþ 1Þ �Bi2 1Þ
¼ +

N

i¼2

i �Bi 2 +
N

i¼1

ðiþ kðN2 iÞÞ �Bi þ +
N 2 1

i¼1

kðN 2 iÞ �Bi

¼ +
N

i¼1

ði2 ðiþ kðN2 iÞÞ þ kðN 2 iÞÞ �Bi 2 �B1:

The sum on the right hand side equals zero, so that �B1 ¼ 1. To
find �B2, we sum up all equations except the first one:

0 ¼ +
N

i¼2

ððiþ 1Þ �Biþ1 2 ðiþ kðN 2 iÞÞ �Bi

þ kðN2 iþ 1Þ �Bi2 1Þ
    ¼ +

N

i¼3

i �Bi 2 +
N

i¼2

ðiþ kðN 2 iÞÞ �Bi þ +
N 2 1

i¼1

kðN2 iÞ �Bi

    ¼ +
N

i¼2

ði2 ðiþ kðN2 iÞÞ þ kðN2 iÞÞ �Bi 2 2 �B2

þ kðN 2 1Þ �B1:

Again, the sum on the right hand side equals zero so that

�B2 ¼ kðN 2 1Þ �B1=2 ¼ kðN 2 1Þ=2:

Similarly,

�B3 ¼ kðN2 2Þ �B2=3 ¼ k2ðN2 1ÞðN2 2Þ=ð1×2×3Þ:

Following this approach, it is straightforward to show that

�Bj ¼ k j2 1ðN2 jþ 1ÞðN 2 jþ 2Þ⋯ðN2 1Þ
j!

¼ k j2 1 ðN2 1Þ!
j!ðN 2 jÞ! ð15Þ
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and, therefore, that

nN ¼ +
N

j¼2

j �Bj ¼ +
N

j¼2

k j2 1 ðN2 1Þ!
ðj2 1Þ!ðN 2 jÞ!: ð16Þ
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