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Discrete Homotopy Theory for Graphs

(Babson, B., Kramer, de Longueville, Laubenbacher, Severs, Weaver, White)

Definitions

1. � - graph (� simplicial complex; X metric space)

v0 - distinguished vertex (�0; x0)

Zn

- infinite lattice (usual metric)

2. A
n

(�, v0) - set of graph homs f : Zn ! V (�), that is,

if d(~a, ~b ) = 1 in Zn then d(f (~a), f (~b)) = 0 or 1, with

f (~i ) = v0 almost everywhere

3. f , g are discrete homotopic if there exist h 2 A
n+1(�, v0) and k, ` 2 N

such that for all

~
i 2 Zn

,

h(

~
i , k) = f (

~
i )

h(

~
i , ` ) = g(

~
i )

4. A

n

(�, v0) - set of equivalence classes of maps in A
n

(�, v0)
Note: translation preserves discrete homotopy
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Group Structure

I Multiplication: for f , g 2 A
n

(�, v0) of radius M,N,

f g (~i ) =

(
f (~i ) i1  M

g(i1 � (M + N), i2, . . . in) i1 > M

v0

v0

v0

v0 f v0 g v0

v0

v0

v0

[f g ] = [f ] [g ]
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Group Structure
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A1

⇣
v0 v1 , v0

⌘
= 1

A1

⇣
v2

v0 v1

, v0
⌘
= 1

v0 v1 v2 v0

v0 v0 v0 v0

A1

⇣
v3 v2

v0 v1

, v0
⌘
= 1

v0 v1 v2 v3 v0

v0 v0 v1 v0 v0
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(2-dim cell complex: attach 2-cells to 4, ⇤ of �)
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Discrete Homotopy Theory

I Aq

n

(�,�0) ⇠= A
n

(�q�,�0)
�q� vertices = all maximal simplices of � of dim� q
(�,�0) 2 E (�q�) () dim(� \ �0) � q

I Ar

n

(X , x0) r -Lipschitz maps f : Zn ! X (stabilizing in all
directions)

f : X ! Y is r -Lipschitz () d(f (x1), f (x2))  r d(x1, x2)
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Is it a Good Analogy to Classical Homotopy?

1. If � is connected, A
n

(�, v0)independent of v0

2. Siefert-van Kampen: if

� = �1 [ �2
�
i

connected
v0 2 �1 \ �2
�1 \ �2 connected
4, ⇤ lie in one of the �

i

then

A1(�, v0) ⇠= A1(�1, v0) ⇤ A1(�2, v0)/N([`] ⇤ [`]�1)

for ` a loop in �1 \ �2

3. Relative discrete homotopy theory and long exact sequences

4. Associated discrete homology theory. . . ?
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n+1 = 0
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Discrete Homology Theory for Graphs

Definition
The discrete homology groups of �:

DH
n

(�) = Ker(@
n

)/Im(@
n+1)

Examples

DH
n

(�) = 0 8 n � 1 DH
n

(4) = 0 8 n � 1

DH
n

(⇤) = 0 8 n � 1 DH1( ) = Z

Definition
If �0 ✓ �, then @

n

(C
n

(�0)) ✓ C
n�1(�

0) and there are maps

@
n

: C
n

(�, �0) = C
n

(�)/C
n

(�0) ! C
n�1(�, �

0)

The relative homology groups of (�, �0):
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How to Judge if Homology Theory is Good?

1. Hurewicz Theorem: DH1(�) ⇠= Aab
1 (�) n � 2

2. Discrete version of Eilenberg-Steenrod axioms and
Mayer-Vietoris sequence:

Discrete open cover: n-dim discrete cover of � (or �, X ) is a
family of subgraphs (or subsets) of � such that:

(i) � =

S
�

i

(ii) for each non-degenerate n-cube �, we have � 2 �

i

for some i

(iii) Discrete cover is an n-dim cover for each n

A. Mayer-Vietoris sequence:

· · · @⇤�! DH
n

(�1 \ �2)
diag��! DH

n

(�1)� DH
n

(�2)
di↵��! DH

n

(�1 [ �2)
@⇤�! DH

n�1(�1 \ �2) · · ·
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How to Judge if Homology Theory is Good?
C. Which groups can we obtain?

I For a fine enough rectangulation R of a compact, metrizable,
smooth, path-connected manifold M, let �

R

be the natural
graph associated to R . Then

⇡1(M) ⇠= A1(�R)

+ (+ suspension)

I For each abelian group G and n̄ 2 N, there is a finite
connected simple graph � such that

DH
n

(�) =

(
G if n = n̄

0 if n  n̄

I There is a graph Sn such that

DH
k

(Sn) =

(
Z if k = n

0 if k 6= n
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Unexpected Application of Discrete Homotopy Theory

Complex K (⇡, 1) Spaces Real K (⇡, 1) Spaces

AC
n,2 braid arrangement:�
~z 2 Cn

�� z
i

= z
j

 
, i < j

AR
n,3 3-equal subspace arr:�
~x 2 Rn

�� x
i

= x
j

= x
k

 
, i < j < k

M(AC
n,2) is K (⇡, 1)

(Fadell-Neuwirth 1962)
M(AR

n,3) is K (⇡, 1)
(Khovanov 1996)

⇡1(M(AC
n,2))

⇠= pure braid gp.
(Fox-Fadell 1963)

⇡1(M(AR
n,3))

⇠= pure triplet gp.
(Khovanov 1996)

⇡1(M(C-ified refl. arr. type W ))
⇠= pure Artin group
⇠= Ker(�)
(Brieskorn 1971)

⇡1(M(W
n,3)) ⇠= Ker(�0)

where W
n,3 is a 3-parabolic

subgroup of type W
(B-Severs-White 2009)
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Preparation for Proof

1. Presentation of a Coxeter group (W , S)

(i) s2 = 1 for s 2 S
(ii) (st)2 = 1 for s, t such that m(s, t) = 2
(iii) (st)3 = 1 for s, t such that m(s, t) = 3

...

2. Braid group: “S
n

� (i)” i.e.

(s
i

s
j

)2 = 1 (s
i

s
i+1si )

2 = 1

3. Pure braid gp: Ker(�), where � : “S
n

� (i)”! S
n

by �(s
i

) = s
i

⇡1(M(AC
n,2))

⇠= Ker(�)
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Essence of Proof

What is X?

I The W -permutahedron is the Minkowski sum of unit line
segments ? to hyperplanes of W

I Its 2-skeleton has:
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edges (w ,ws), where s is a simple reflection

2-faces are bounded by cycles (w ,ws,wst, . . . ,w(st)

m(s,t)
)

4-cycles (st)

2
= 1 (s and t commute)

6-cycles (st)

3
= 1

8-cycles (st)

4
= 1

I X is the subcomplex of the W -permutahedron gotten by
removing the faces corresponding to �0,

i.e. removing the
faces bounded by 6-cycles, 8-cycles,. . .
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We have replaced a group (⇡1) defined in terms of the topology of
a space with a group (A1) defined in terms of the combinatorial
structure of the space.
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